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Motivation

» Horn-Clause Logic in program verification
» HC as a general framework (Bjgrner et al.; 2015)
> type-theoretic interpretation (Fu et al.; 2016)
» soundness of HC resolution for Type-Class resolution (Farka et
al.; 2016)
» Limitation of the above - universal fragment
» clauses without existential variables
» resolution by matching / universally quantified goals
» Resolution with existential variables and unification /
existentially qualified goals



Problem by an example
Example (Vytiniotis et al.; 2011)

data T a where
Tl : Int - T Bool
T2 : T a

test (T1 n) false

test T2 r

In System F, there are two different most-general types of test:

test : Va.T o« — Bool — Bool
test : Va.Ta—a— «

Constrained-type solution:
test : VaVp.(a~Bool DB ~Bool) =Ta—p—f
With existential quantification:

test : VadfTa— -0



Calculus (matching)

Definition (Syntax)

Horn flae HC = K : At <« At,... At
Proof terms  PT = K(PT,...,PT)
Goals G:= VVar,...,VardVar,..., Var. At

Definition (LP-M)

K A< B .. . ByeP Pt e : Vundzi.oB: Pt e,:Vw,3z,.0B,

PF k(e ... en) : VxJy.cA

where w; = X Nvar(cB;) and Z; = var(cB;) \ wi.



Problem by an example revised

Example
constraint-based form (Simonet and Pottier; 2007)

data T a where
T1 : V a [a ~ Bool] . Int > T a
T2 : Va . Ta

test (T1 n) _ = false
test T2 r =r
Logic program:
Krefl - eq(x, x) =
Ktest  test(T(x),y, z) < (eq(x, bool) = eq(z, bool)),

eq(y, 2)

Outside Horn-clauses (Hereditary Harrop formulae)



Type checking by matching

The type test : Va.Ta — a — a corresponds to a goal
Va.test(T(a), a, a)

P, (o : eq(a, bool) < ) F «: Va.eq(a,bool)

P F Xa.a : Va.eq(a, bool) = eq(a, bool) P & Kre : Va.eq(a, a)

P FKtest(Frefl, Av.cv, Kref) © Va.test(T(a), a, a)



Calculus (unification)

Definition (Extended syntax)

Proof term HC = -+ | ind(Var.Term, PT)
Definition (LP-U)

k:A< Bi,... B, EP Pt e :Vuwrdzi.oB: Pt e, :Vw,3z,.0B,

Pt ind(y.oy,k(er,. .., en)): VxJy. A’

if (0 | ¥)A" = (0 | ¥)A. Moreover, w; = X Nvar(cB;) and Z = var(cB;) \ w;.



Type checking by unification

The type test : Va.db.Ta — b — b corresponds to a goal
Va.3b.test(T(a), b, b)

P, (a :eq(a, bool) <= ) Ken : eq(bool, bool)

P F Xa.krenr : eq(a, bool) = eq(bool, bool) P F Kreni = eq(bool, bool)

P Eind(b.b00l, Ktest(Krefi, A\ Krefi, Kref)) : Vaab.test(T(a), b, b)



Soundness and completeness

Soundness and completeness w.r.t. first-order dependent type
theory (DTT) (Jacobs; 1999)

Theorem (Soundness)
If Plip e:Vx3dy.A then P Fprr e: XXy A

Theorem (Completeness)

If PFprT e: G where e is in ground normal form then P p G.



Type inference

Utilising Structural resolution for type inference (Komendantskaya
and Johann; 2015)

» exhaustive matching / LP-M steps

» one unification step / LP-U step

Definition (Structural resolution)

Given a logic program P, structural resolution is given by an
; 1
abstract reduction system (P, —=7p_p - —1p_u)

Quantifier assignment:
» LP-U binds substituted variables to 3 quantifier
» LP-M binds eliminated variables to V quantifier
» Normalise prefix to Yxdy by the appropriate substitutions



Type inference (cont'd)

Example
test(x, y, z)
—LP-U
eq(w, bool) = eq(z, bool), eq(y, z)
—LAM
eq(z,bool), eq(y, 2)
—LP-U
eq(y, bool)
A {y/bool}; Jy
0

{x/T(w)}; IxVw

{z/bool}; 3z

Have: Yw.3z.3y .test(T(w),y, z)
ind(z.bool, ind(y.bool, Ktest (Krefl, A Erefly Krefr)) :



Related Work, Work in Progress & Future Work

Related Work

» Constraint-based type inference—HM(X), Outsideln(X), . ..
» Guarded ADT's (Simonet and Pottier; 2007)

Work in Progress
» Other language constructs than ADTs (Type Families, ...)

» Non-existential clauses

Future Work

» Semantics of the calculus

» Higher order formulae
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