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resolution type inference, 1

proof-relevant Horn-clause, 6
unifier, 98
rewriting context, 45, 55 )
universe

semantic operator, 24 Herbrand, 23

semantics, see operational semantics

validity, 26
shifting, 29

) implicit syntactic, 18
signature, 13

variable, 11

bound, 12

nameless, 28

simple, 31

s existential, 19
substitution, 14, 30

application, 14 free, 12
composition, 15 well-formedness
grounding, 14 of clauses, 20
of mixed terms, 46 of goals, 20
simultaneous, 14 of kinds, 15, 33

of programs, 39
of terms, 15, 33

term, 11
first-order, 22
nameless, 28 of types, 15, 33
nameless extended, 80

term constant, 28

type, 11
nameless, 28
nameless extended, 80
simple, 31

type class, 5, 98

type class instance, 5, 98

type class method, 5

type class resolution, 5, 105
corecursive, 112
extended, 107
extended corecursive, 117

type constant, 11, 28

143



Y[} SUIAJLIOA 0} Pednpal ST SUINDRTD odA) 90UIS UOTIN[OS PAAJOSI 91} JO SUIPaYD odA)
JO uonRIUOUR[dWI PIeMIOJIYSIeI)S © I0] smo[[e siy], ‘woa[qoid [eurdio oy ur 309(
-0 oY) JO IULWSPN[ SSOUPOULIOJ-[[oM JO UOIJRALIOP ® sk W) Jooxd o) joxdiojur
OA\ 9013 uormjosol o) soanjdes jer) wivg jooid ' ‘S9[RLIA DI0] 03 UOTINIIISNS
ToMsue Ue sopIsoq ‘soplaoid UomN[osel YPNG OI30[ 9sNR-UIOY juead[pI-joord ur
uorn[osal oyl 7 ur wojqold oousrojur-odA) e oye[suer) op\ () NIomourel [eor
-8orT ut eouatojul od4) jo ojdurexs ue uo yoroidde MO 9)RIISUOWIP oM ‘ATPUOIDG
‘sorjuewas [euorjerado
des-31q o) 01 109dsar YIIM PUNOS 31 9A0Id PUR UOIIN[OSAI JURAS[0I-JOOId JO SoTjURUILS
reuorjerado dojs-Trewrs doasep apy  uoIINOsaI JuRAd[I-Jooxd Jo A10o1) ® Surdopes
-op sny) sue) se sjoord pue sodA) se $O1S0] 9S9Y) JO SR[NULIO} Jurjesar) AQ oInjeu
pIeMOH-ALIn)) 101} 9sodxo oA “SO130] 9s91[) Jo sorjuewos [euorjeiodo dogs-81q prep
-ue)s o1} oje[NULIO] oA\ “jutod Suljre)s e se so130[ ornuLioj dolrel] ATejIpolay pue
OSNRD-WIOH ‘SOIS0] OAIIOILIISUOD OM]) O} A\ UOIIN[OSAI JueAd[ol-Joold I0] yIom
-owrel) paou © osodoid om ‘ISII P[OJOSIY) ST SISAY) SIY) JO JUSIUOD [ROIUYDID],
"9IBMIJOS JO Ssouly)
-I0M)STLIY 1]} pue swreldold Ul 9oUSPYUO0D 1) 9I0ISOI 0} 90UAY ‘IOUURU DAI}ONLIISUOD
pue 9[qRYLIOA © Ul A1097) odA) ut soustojur od4) Jo UOIIRUIOINR SMO[[R 1T} UOIIN[OSOT
JueAd[ol Jood Jo eoprt oy} oI0[dxo om ‘sIsoy) si) u] A1007) odA) Jo oIMjRU OATIONIIS
-u00 Aq popraoxd sevjuerens oy} Sursrorduiod sny} ‘PoYLIOA SOA[PSWOY) 9 J0U Ae
pue OIS0[ [BOISSR[D UO PIseq 9( ARUI SIOAJOS 9S9Y,], "UOIJRWOINR ST} PR 0} POSn oIe
SIOAJOS [RUINIXO ‘SOWIOWOG Xo[du0d ATOATIIIYOId ST JoUUeW PaYLIoA ® UT UOTRUIO)
-l Jo uorjejwowo[dwr ‘o) oures oy ¥y -eorporid Ul o[qesn oaq 03 sure eyl sodAy
Juepuadop )M WRYSAS AUR 10J ATRSS909U SaUI009(| $s900I1d SIU} JO UOIRWOINY
“SuoIpesI[Oo
joord Jo Ioqunu SUISLIIOUL UR SOAJOAUT 9dUdIoJul odA) :00LId ® 10 SOUI0D SSOUIYIIOM
-ISILI) 9U) ‘Jox “AUIIOMISTLI) 9IeMIJOS o) Sulyeul ‘swrelsord yons Ul 9ouspyuod ysiy
seAld wmy ut sty [, ‘serpredord ety jo sjoord Arreo jer) swrerdord o3uIm 03 smofe

ogenduel siy, -ogengdue] surmmerdord oarssordxo we st L1001} odA) juopuoadocy

1oReIISqQY

[4

08 ‘92, ‘werqoid justeuyel
18 ‘9), ‘yIewWBUYeI
GE ‘-peor] Yeom

uoIponpat

€¢ ‘qmordur

uoryeoyryuenb

Z ‘sodAy-se-suoryisodord
G ‘queastar-jooxd
1§ ‘Suryejouue
€6 ‘Iy ‘¢ ‘mrey jooxd
swrerdoxd
JO ‘SSOUPOULIOJ-[[oM 99§ ‘POULIOJ-[[OM

6¢ ‘g ‘wreidoxd

Ly ‘degs-[rews
9¢ ‘degs reurs
¥G ‘1§ ‘doys-81q

sorjuewos [euoljerodo

}Z ‘pueIqIo 1sed]

$C ‘PURIQIDH 1S9)ea1d

)¢ ‘puelqIoy o3o[dwoo 1s99eo1s
[opow

9¥ ‘SurAjryueprt
GG ‘G ‘uLI9) poxIun
{6 ‘Toyojewt

UOI}R[AI [BOL30[ 995 ‘paje[el A[[RII30]
19 ‘uorjera1 [ea130]
AT 298 ‘YIomourel (eS0T
€9 ‘Sunyl
L ‘ssopoureu

kil

¢), ‘ooepIms
¥, ‘[eureul
¢z ‘podAyun ‘1opro-siy

ogengue|

1¢ ‘orduurs
TT pumy

¢z ‘sad£y jo A1001[) o19STHOTIIMIU]
¢ 01807 or3sTUOIYIMUL

66 ‘SUOIOLISOT 9OUR)SUI
9% ‘queurede[dar s[oy

€0T ‘WLIOJ [RULIOU DAY papIend
¢T ‘punoid
speos8
JO ‘SSOUPSULIOJ-[[oM 29§ ‘PIULIOJ-[[oM
12 ‘oaryounluoo
S ‘61 ‘1808

]G ‘uoryesIeIoUdI

{0 ‘UWIDIOAT[) [RIUSUIRPUN ]
A)IpIeA 295 ‘pIfeA
81 ‘orwoye

R[NULIOJ

19 ‘ewrwo] odeosy

7¢ ‘oInserd
9¢ ‘Oruy)LI08[e Yreom
Ge ‘[eInjonns
LT ‘sadAy jo reuorjruyep
)T ‘SuLIo) Jo [euonuyop
LT ‘Spupy jo TeUOnIuyap
GE ‘oru)Iose

Ayrenbo

Tapuj



derivation captured by the proof term. The theoretical development is substantiated
by an implementation.

Finally, we demonstrate that our approach allows to reason about semantic prop-
erties of code. Type class resolution has been well-known to be a proof-relevant frag-
ment of Horn-clause logic, and recently its coinductive extensions were introduced. Index
In this thesis, we show that all of these extensions amalgamate with the theoretical
framework we introduce. Our novel result here is exposing that the coinductive
extensions are actually based on hereditary Harrop logic, rather than Horn-clause (=)~ see crasure atom, see formula, atomic

logic. We establish a number of soundness and completeness results for them. We
Tr | a, 25

also discuss soundness of program transformation that are allowed by proof-relevant Tot a2 backchaining, 41, 47
P ’

presentation of type class resolution. . base
> Tp, see semantic operator

complete Herbrand, 27

Bn-conversion, 17
Herbrand, 23

Yol .G, see generalisation
C{é}, 46
S;P —e:G, 41

Brouwer’s programme, 2

Brouwer-Heyting-Kolmogorov interpreta-

é:D tion, 2
S;P;I' —cé: A 6l
S;P;T —cé:é, 61 clause, 19, 52
S;PET|é~T"|¢, 47 annotating, 41
e, see proof term body, 21
— 1, see shifting head, 21
S;T'HA:L,15,33 well-formed, see well-formedness, of
S I'FA=B:L, 17 clauses
S;T'F L :kind, 15, 33 with conjunction, 21
S;I'L=1L":kind, 17 context, 13
S;T'HM: A, 15,33 nameless, 28
S TEFM=N:A 17 nameless extended, 80
S;I'+D:o, 20 simple, 31
S:I'FG:o, 20 Curry-Howard interpretation, 2

SEP, 11-fi dness, of ams
P, see well-formedness, of programs de Bruijn indices, 27

—[—/t], see substitution .
=/ definite clause, see clause
—[—/—1], see substitution, of mixed terms
dependent type, 2

answer substitution, 71 dictionary, 5
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Chapter 1: Introduction

1.1 Constructive Logic and Type Theory

First, we briefly mention the development of thought that leads to the general area
in which lies the subject of this thesis starting with mathematical and philosoph-
ical origins. In the course of the 20th century, a new, normative point of view
on what constitutes acceptable methods and objects of mathematics emerged—
constructivism. This point of view originated as an opposing reaction to the use of
highly abstract proof methods in works of, e.g., Cantor and Dedekind. The original
characterisation of constructivism was the appeal to proof methods that construct
the objects of concern (hence the name). Alternatively, constructivism can be char-
acterised by insisting on proof methods that compute the objects of concern (Troel-
stra, 1991). Theorems that state properties of certain objects give us means to con-
struct, or compute, properties of these objects. Constructivist agenda in the form of
Brouwer’s programme led to development of intuitionistic logic. Heyting (1934) and
Kolmogorov (1932) formalised intuitionistic logic and developed Brouwer-Heyting-
Kolmogorov (BHK) interpretation of intuitionistic logic—a proof of implication is
interpreted as a construction that transforms a proof of implicant into a proof of
conclusion, negation is treated as an abbreviation for a construction that from a
proposition absurdity follows.

The intuitionistic reading of proof in BHK interpretation is closely related to the
notion of propositions—as—types (cf. Wadler, 2015). Curry was the first to suggest
that a proposition in implicational form can be understood as a type of functions.
Howard (1980) refined this idea with the observation that proof simplification can
be understood as function evaluation. This is now referred to as Curry-Howard
interpretation of proofs. Since early 70’s, the idea of types has been a driving
force behind an important part of computer science and propositions—as—types were
providing a tight coupling between constructive mathematics and computer science.
Martin-Lof (1972), directly inspired by Howard’s ideas, introduced the Intuitionistic
theory of types as a precise symbolism for constructive mathematics, and the notion
of a dependent type, a type of objects that depend on proofs. However, he also
explicitly linked constructive mathematics to computer science by regarding his

intuitionistic theory of types as a programming language (Martin-Lof, 1982). In the
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Chapter 1: Introduction

type(T, app(M, N), B) « type(T', M, A — B) A type(T', N, A)

Given a term E, the query type(T', E,T) infers a type T in a context I' such that
the typing judgement I' = E : T holds. In recent years, the idea of relational type
inference has been taken further by a relational, embedded domain specific language
(DSL) miniKanren (Hemann et al., 2016). The DSL supports a range of functional
languages like ML, Rust, Haskell and many other non-functional languages. As
Ahn and Vezzosi (2016) point out, a relational language is a very convenient device
for encoding of type inference problems. However, automation of type inference
in dependently typed languages represents a more substantial challenge. Most de-
pendently typed languages incorporate a range of algorithms that automate various
aspects of type inference (cf. Pientka, 2013). One approach is using reflection into
underlying abstract syntax tree representation of the language (cf. Slama and Brady,
2017) to employ automation there. In some cases, the algorithms are similar to first-
order resolution (Gonthier and Mahboubi, 2010), in other cases, e.g. Liquid Haskell
(Vazou et al., 2018) and F*, languages incorporate external Satisfiability Modulo
Theory (SMT) solvers like the Z3 Theorem Prover (de Moura and Bjgrner, 2008).
The use of external solvers constitutes a dissent from constructivist ideas that
initiated the interest in expressive type systems. As an example, consider that
an external SMT solver is not verified and a bug may result in a wrong answer.
Moreover the solver uses classical logic and the computed results need not be valid
intuitionistically. In either of these two situations, soundness of type inference is
compromised. That is, there are programs that are accepted by the type checker
despite the fact that these programs cannot be shown well typed in the metatheory.
The issue of trustworthiness of a computer system is well-recognised in the com-
munity (Barendregt and Barendsen, 2002). A general approach, called autarkic or
skeptical, is for such a system to provide a machine checkable witness, a proof term,
of correctness of the result (Appel et al., 2003). Stump (2009) did an early study
of such proof-checking for SMT solvers and autarkic approach is a basis for SMT
solving in, e.g., Coq (Armand et al., 2011). Despite these results, there is no firm
consensus in the community on the rigour of implementation of the language. This

research area still remains very active and presents challenging problems (Schubert

7.2. Future Work

malised proof of normalisation for dependent type theory using a proof-relevant
logical predicate, a merge of presheaf model with logical relation. Moreover, the
terms are presented as well-formed, using inductive-inductive types. We believe
that the methodology of our framework can be successfully applied to proof search
in the theory of the said logical predicate while obtaining proof terms witnessing

well-formed terms.
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Chapter 1: Introduction

execute the type class method in the use site.

Example 1.2 (Farka et al. (2016))
For example, it is required that Eq (Int, Int) is a valid instance of type class Eq in

order to type check the following function:

test :: Eq (Int, Int) = Bool
test = eq (1,2) (1,2)

The function test type checks since a comparison of pairs of integers can be simplified
into a comparison of integers using the first instance in Example 1.1. Comparisons

of integers are than carried out using the other instance.

The initial work (Hall et al., 1996, Jones, 1994, Peyton Jones et al., 1997) on type
classes focused on practical design of the language feature. This work did not make it
explicit that type class resolution resembles SLD-resolution that is known from logic
programming although it had been a long-standing folklore (¢f. Farka et al., 2016).
Fu and Komendantskaya (2017) extended the connection further: the constructed
dictionary is an instance of a proof term and type-class resolution can be treated as

an employment of proof-relevant Horn-clause resolution.

Example 1.3 (Farka et al. (2016), Fu et al. (2016))
The type class instance declarations in Example 1.1 can be viewed as the following

two Horn clauses that are annotated with atomic symbols Kpair and King:

Fipair 1 €q(7), eq(y) = eq(pair(z,y))
Kint : = eq(int)
Then, given the query eq(pair(int,int)) that corresponds to requirement Eq (Int

, Int) in Ezample 1.2 SLD-resolution terminates successfully with the following

sequence of resolution steps:

7.2. Future Work

7.1.3 Type class resolution

In our syntactical analysis of type class resolution, we addressed three research ques-
tions. First, we provided a uniform analysis of type class resolution in both inductive
and coinductive settings and proved it sound relative to (standard) least and great-
est Herbrand models. Secondly, we demonstrated, through several examples, that
coinductive resolution is indeed coinductive—that is, it is not sound relative to least
Herbrand models. Thirdly, we showed completeness relative to least Herbrand mod-
els in the inductive case and a lack thereof relative to greatest Herbrand models in
the coinductive case. Finally, we asserted that the methods listed in this thesis can
be reapplied to coinductive dialects of logic programming via soundness preserving
program transformations.

A feature of our analysis is the choice of greatest Herbrand models instead of
greatest complete models for coinductive analysis that is allowed by properties of
type class resolution. We discussed how constrains that are laid upon type class

instances allow such choice.

7.2 Future Work

7.2.1 Foundations of proof search

The underlying mechanism of proof search in our work, the uniform proofs, orig-
inates, via Curry-Howard isomorphism, in sequent calculus for Horn-clause and
hereditary Harrop formulae logics. There are several other well-behaved classes
of sequents (cf. Negri, 2016) with the advantage that sequents in these classes can
be identified syntactically. A Curry-Howard interpretation of these classes has yet
not been given and such interpretation is of an interest as it allows embedding of
search based automation into verified programs. Further, Orevkov (2006) identified
complexity characteristics of sequents in these classes that separate the logic into
polynomially decidable subclasses. Application of Orevkov’s results to proof-relevant
search methodology would allow optimisation of the search in form of decomposition
of the search space of the algorithm into subspaces of polynomial size. Since these

classes of sequents are identified syntactically, this approach provides a promising
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Chapter 1: Introduction

2017, Fu et al., 2016) and by applications in coinductive settings (Basold et al.,
2018). We thus chose to build our framework on the higher-order hereditary Harrop
logic by its instrumentation with proof terms. The complementary goal of this
thesis is to demonstrate assets of such framework by its application to examples we

described in previous sections.

1.4 Contributions

The technical contributions in this thesis span several areas.

Proof-relevant resolution This thesis develops a systematic and generic ap-
proach to proof relevant resolution. In particular:

o We identify higher-order Horn-clause (hohc) and hereditary Harrop logics
(hohh) as the appropriate languages for the framework for proof-relevant reso-
lution. We instrument the uniform proof (Miller and Nadathur, 2012) seman-
tics of hohc and hohh with proof terms.

o We develop a small-step operational semantics of proof-relevant hohc and hohh.

o We show soundness of the small-step operational semantics w.r.t. the uniform
proof semantics.

We show applications of the general framework in two settings.

Type inference and term synthesis in dependent type theory.

e We present a novel approach to type inference and term synthesis for a first-
order type theory with dependent types that is simpler than existing methods
(e.g. Pientka and Dunfield, 2010).

o We prove that generation of goals and logic programs from the extended lan-
guage is decidable.

o We show that proof-relevant first-order Horn-clause resolution gives an ap-
propriate inference mechanism for dependently typed languages: first, it is
sound with respect to type checking in LF; secondly, the proof term con-
struction alongside the resolution trace allows to reconstruct derivations of

well-typedness judgements.

7 Conclusions and Future Work

Die Herren wollen leben und zwar von der Philosophie leben:
[-..] trotz dem povera e nuda vai filosofia des Petrarka, es darauf

gewagt.

— Arthur Schopenhauer, Die Welt als Wille und Vorstellung

Dependent type theory is an expressive programming language for writing veri-
fied programs. Technical obligations of the type theory require a level of automation
of proof obligations for any system with dependent types that aims to be usable in
practice. In this thesis, we developed a simple, conceptual framework for such au-
tomation that is based in proof-relevant, constructive resolution in Horn-clause logic
and its extension, the logic of hereditary Harrop formulae. We demonstrated ap-
plicability of our framework using two case studies. First, we used our framework
for a syntactical manipulation of a programming language in form of type inference
and term synthesis. Secondly, we used our framework in a semantical analysis by
employing it for the purpose of a study of soundness and completeness, or rather a
lack thereof, of type class construct. The use of the framework in both syntactical
and semantical applications shows its generality.

In this chapter, we briefly conclude on the framework and on each of the appli-

cations. Next, we discuss some directions of future work.

7.1 Conclusions

7.1.1 Proof-relevant resolution

We introduced the language of our resolution framework and the corresponding se-

mantics in two steps. First, we introduced the Horn-clause logic. Secondly, we
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Chapter 1: Introduction

Chapter 6 carries out a semantical analysis of soundness of proof-relevant type
class resolution. We show soundness and completeness, or the lack of it, for different
notions of inductive and coinductive interpretation of type-class resolution.

Chapter 7 concludes the thesis and discusses related and future work.

1.6 Declaration of Authorship

Chapter 2 contains background information. The definitions and results can be
found in cited literature but the presentation has been adjusted to fit the scope of
this thesis.

The contents of Chapters 3 and 4 are original work of the author. Chapters 5 and
6 are based on join work with Ekaterina Komendantskaya and Kevin Hammond,
who were author’s supervisors. Both the type inference and term synthesis approach
(Farka et al., 2018) and the semantical analysis of type class resolution (Farka et al.,
2016) has been published before. An initial exposition of applications of proof
relevant resolution in a single framework that proceeds the ideas behind this thesis

has also been published (Farka, 2018).
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6.5. Related Work

to use with any coinductive dialect of logic programming, e.g. with CoLP (Simon

et al., 2007).

Example 6.43
Recall the Example 6.25 and the fact that, for any atomic formula A:

c— daa: A=A

Assume a program P consisting of a single formula k : A = B. Both the least and
the greatest Herbrand model of this program are empty. However, adding the formula
A = A to the program results in the greatest Herbrand model M!_,_. 5 = {A, B}.
Thus, M, 4o.p # M;:A:B.,)\a.a:A:A-

The Example 6.43 demonstrates that extending a program with a formula A = A
is not a coinductively sound transformation. However, calculus consisting of rules
LpP-M and LAM as can be observed inductively sound by inspecting the proof of
Theorem 6.37—rules of the calculus do not allow unguarded use of such Horn clauses
in further entailment. In fact, rules of the calculus do not allow any use of such
clauses in further entailment at all. On the other hand, both corecursive type class
resolution and its extended version need to impose guardedness conditions on the
proof term in order to ensure that any use of a Horn clause that was previously
entailed is guarded in order to avoid unsound derivations. The side conditions of
the rules NU’ and NU requiring the proof term to be in the head normal form are

exactly these conditions.

6.5 Related Work

The standard approach to type inference for type classes, corresponding to type
class resolution as studied in this chapter, was described by Stuckey and Sulzmann
(2005). Type class resolution was further studied by Lammel and Peyton Jones
(2005), who described what we here call corecursive type class resolution. The de-
scription of the extended calculus of Section 6.4 was first presented by Fu et al.
(2016). In general, there is a rich body of work that focuses on allowing for infi-

nite data structures in logic programming. Logic programming with rational trees
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Chapter 2: Preliminaries

the sorts is to distinguish between types that stand in the position of formulae and
in the position of types in the proof-relevant resolution. Formally, the language is

given as follows.

Definition 2.1 (Syntax)

C>c¢d term constants

A>a,p,q type constants
Voux,y X, Y variables
t>M,N =cla| :AN|MN terms
T>AB =a|lz:AB|AM types

K>L :=type|o|lz: AL kinds

Terms in ¢ are denoted using identifiers M, N, typesin T are denoted using identifiers
A, B and kinds in K are denoted using the identifier L. We use A — B as an
abbreviation for the type Ilz : A.B when z does not occur in B and similarly for

kinds.

Example 2.2
Let zero, pair be term constants in C. Let Eq,Pair,int be type constants in A.

Then zero and pairxzy are terms and Pair int int and Eqz are types.

In order to state well-formedness of terms, types, and kinds we define signatures
and contexts. We say that variable = is bound in a syntactic object O if there is
a subterm Az : A.t of O. In order to avoid excessive technical details regarding
renaming and freshness, we assume that constants and variable names are always
unique. A variable that is not bound in a syntactic object is free. We define a
function var(—) that acts on syntactic objects and extracts the set of free variables.

We say that a syntactic object is ground if it contains no free variables.

Definition 2.3 (Signatures and contexts)
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6.4. Extended Coinductive Type Class Resolution

Example 6.39
The greatest Herbrand model of the program P in Ezample 6.22 is M = Mp =
{Ag,A(fq),A(f(fg)),...}. Therefore, for an atomic formula Ax, P E.pina A x.

However, it is impossible to construct a proof of

The rules LP-M and LAM are not applicable for the same reasons as in the
inductive case. The rule NU resulls in assumption of the inference rule being the
same as the conclusion since A x is an atom and not a Horn clause with a non-empty

body and the proof state does not change.

A similar argument can be carried out for the Example 6.23 by observing the
inductive structure of a proof when we notice that the rule Nu does not instantiate
the clause that is being proven. The notion of completeness for valid formulae fails
similar to the inductive case.

Moreover, a more restricted formulation in the traditional style of Lloyd (1987)

does not improve the situation:

Definition 6.40 (Coinductive Completeness a la Lloyd)
If a ground atomic formula G is in M’p, then P — e : G in the Lp-M + LAM +

NuU proof system.

Such a result does not hold, since there exist logic programs that define corecur-
sive schemes that cannot be captured in this proof system. We demonstrate this on
an example that was already used in literature (Fu et al., 2016) and we analyse its

model.

Example 6.41
Let ¥ be a signature with a binary predicate symbol D, a unary function symbol s
and a constant function symbol z. Consider a program P with the signature ¥ given

by the following axiom environment:

ki: Dz (sy)=D(sxz)y

ke: D(sz)z=Dzz

121



€l

(/)T [e/ Wy« Al = [/ (7Y = fiTT)
o= [z/m]o
adfq = [z/y]edAa
(worminsqng) g'g uorugeq
“WLIOY B YHIM O[(RLIRA ® JO UOIINHIISLS SULIP OM JXIN
uonnIsqng
'$)X0IU00 10§ Afrefruulg ‘od£q
D quUT = ¢ oM am ‘edfq :qur . = @ b9 ‘Lydwe-uou sI oINYeUSIS Y USYA\

1TIIU0D D SL
qurt : fi‘qut : Xt
Fpavpunng *Pd Q aungpubs s1y) 930UdP 3| UngDUbLS D S
o :be‘edfy < qut « qurt : ated‘adfy : 1TRd‘aUT : O0x0Z ‘edLq : quT -
UAY ], g g 2)AWDTH UL SPUDISU0D LIPISUO))

¥°¢ ojdurexy

"$)X0JU0D 10§ A[reruuls pue “g ‘- fly o ld = €9 o1oym

vrp ¢oo ety 2 1d T 9Imyeusdls e 10] ¢Q ‘TG UoIpR)ou osn 9\ “so[qerres o) sodA) udisse

S$)X0IU0.) "sjue)suod odA) 03 spun pue sjue)suod wId} o) sodA) uSisse somyeusig

§)TIJU0D Vizig|-= J€x1D

saungoubis yioelT:d‘s|- S € 3ig

odengue ] WO, ‘17

0ct

o101 osodand
INO OATSS [[IM so[durexs om) auwres o], "¢ Ul Jooxd e dARY jou Op NG <}/ Ul PIeA
oIe Jel[) OR[NULIOJ OIR OI0Y) ‘[RIOUSS Ul ‘JRl) POJRIJSUOWOD IA\ "OSBD OAIONPUL O}

Ul $s9U)a[dUWOdUT MOT[S 0} PIsT om IR} £7'9 pue gg'9 sojdurexy ut surerdoxd [[eoay]

“wapshis fooud AN + WVT + W-dT oyp Uz ) 12 +— ‘Q uayy H P2 dyar [t

(jopour & *1"1'm ssouajo[dwio)) SAIIONPUIO))) |E'9 UOIHUYI(]

:9TI0 PAYOLIPSAI DIOU O}
SN} PUR 0SBD [RIOUSS 910U 1) JS1Y ‘ssoua)o[dIod dATIONPUL 91} URT[) IOPIO PISIOADI
9]} UT WAY[) SSNOSIP aM POY 0} JOU UMOYS oIk $saua)a[duIod Jo suoljou ay) yjoq sy
"9I0Y 9SeD JATIONPUIOD Y[} I0J JNsel SUIPUOdSelIod J) 9)eIS 9\ TUOIIN[OSAI SSE[D

adAy Jo sseusjoduod SATIONPUI SUIIRIS JO SABM OM) POISPISUOD aM ‘g'Q UOIDeG U]

AN + WVT 4 W-d7T waishs jo ssaualajdwodul aA13aNpuiod)

-oenurio} doirey A1eyIpoIoy Jo o130[ o) Jo sonuewos [euoljerodo dogs-8iq
QATIONPUIOD ® B NN + NV + IN-d"] WD)SAS 91[) 998 WRD oM JSI] oUIes 9] U] "SOSIR[D
WIOH JO SorjueuIas o[} Jo 31edIajunod dAIONPUIOd oY) Se Ueds aq ued AN + W-d]
wa)sAS a1[) JRY) PasSNOSIP os[e 9\ “or[nuLIo] dolrey A1ejipaley Jo sorpuewes dajs Siq

9} 03 INVTT + W-dT WoJsAS o1} JO 90UPU0dsolIod 91} POSSNOSIP oM JeY} 9JON

O VeErgy o VIg PP g ey e &g D (V=g VeV g
10) (g ) (Yg s Tg) ‘g ‘e e 10 ‘morpdwmsse wononput oy A Y = /0 10§

Vot e (yetgy o vigio) (g ) (g e )'d

N-d']
v<"ov-viory 00 WY — Dot +—
(V="gv--vig:v) (Ve="gv--vig:v)
(g ) (g = )
(g '%)'d (g %)'d

wiao] o) Jo dogs vouo
-I9JUI ST 019} OIOJOIdY ], ““o - Tow Uy Iy = 9 99] 'S0 A\\ ULIOJ [RULIOU PRI
popIens oy) ul 9 uL) jooxd ® pue v S[qrLIA ® ‘Yg 01 Tg ‘}/ 9R[NULIOJ DIWOJR I0j

VEYgV - VIgioud— o

nN u, u ¢
Verayevigioe— (V=g V- vigin)id

U01NJ0SIY ssv)) ddAT :9 41dDY")



Chapter 2: Preliminaries

alM/z] =a
(Ily : A.B)[M /x| =1y : A{]M/x].B[M/x]

(AN)[M/x] = A[M /2] N[M/x]

c[M/z]=c
y[M/z] =M ife=y
=y otherwise

(AN)[M/z] = (A[M/xz]) (N[M/z])

(Az.A: N)[M/z] =Mz : A]M/z].N[M/x]
We define a simultaneous substitution on a set of distinct variables z1 to x,:

Definition 2.6

Subst 3 0,7,0 s=A{M/xy, ..., M, /z,} simultaneous substitution

We use o, 7 and 6 to denote simultaneous substitutions. A simultaneous substitution
{Mi/zy,..., M,/x,} is called ground if all terms M, .., M, are ground. We refer
to a simultaneous substitution as a substitution where there is no risk of confusion.
Since we assume that all variable names are unique, application of simultaneous

substitution to a term is a straightforward extension of Definition 2.5.

Definition 2.7

The application of a simultaneous substitution {M/x1, ... M, /x,} to a term N or

a type A is defined as substituting each variable x; in N or A respectively with the

term M.

We denote application of a substitution ¢ to a term M or to a type A by oM and ¢ A
respectively. A substitution o is called grounding for a term M if oM is a ground

term, and similarly for a type. A substitution is grounding if it is grounding for

14

6.4. Extended Coinductive Type Class Resolution

oA is valid in M?,. The substitution o is chosen arbitrary whence, for any o, if, for
all 4, 0B, are valid in P then also 0 A is valid in P. From the definition of validity

it follows that P E.ping B1 A--- A B, = A. O

Now, the universal coinductive soundness of extended corecursive type class resolu-

tion follows straightforwardly:

Theorem 6.37
Let P be a logic program, and let be S;P — e : G for a formula G by the Lp-M,
LAM, and NU rules. Then P Eiping G.

Proof. By structural induction on the derivation tree.
Base case: Let the derivation be in one step. Then it is by the rule LP-M and
of the form

(k: =A)eP Lpat
P —k:0A
for an atomic formula A, a constant symbol x, and a substitution o. By Lemma 2.37
¢), P Ecoina 0A.
Inductive case, subcase LP-M: Let the last step be by the rule Lp-M and of the

form

P — e :0B; P —e,:0B, (k:ByA---ANB,=A)eP

Lp-Mm
P — kep...e,:0A

for an atomic formulae A, By, .., B, a constant symbol x, a substitution ¢ and proof
terms eq, .., €,. By the induction assumption, for i € {1,...,n}, P E.pna Bi and
by Lemma 2.37 d), P Epinag 0 A.

Subcase LAM: Let the last step of the derivation be by the rule LAM. Then it is
of the form

P.(Br: =Bi),....(Bs: =B, —e:A
P — Mbi,...,0he: BiAN---AB, = A

LAM

for atomic formulae A, B; to B,, a proof term e, and variables by, .., b,. By
the induction assumption, P, (81 : = Bi),...,(Bn : = By) Eeoina A and by
Lemma 6.36 also P E.pina B1 A -+ A B, = A.

Subcase NU: Let the last step be by the rule NU and of the form

119
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Chapter 2: Preliminaries

S S;-F L :kind S S;-F A:type
FS,a:L FS,c: A

SHTD

SET S;I' 2 : type
SETL,z:type

SF-

Figure 2.1: Well-formedness of signatures and contexts

S;T'HM:A

c:AeS SET
S;I'kec: A

r:Ael SHET
S;T'Fzxz: A

S;'-M:1lx: AB S;'EFN:A
S; T MN : B[M/x]

S;I'H A type e:AF-M:B
S;THXe:AM:Tlx: AB

Figure 2.2: Well-formedness of terms

p:LeS SET
S;T'ke: L

S;T'F A: type S;TVAFB: L
S;I'tIlx: AB:1lx: AL

S;'FM:1lx: AB S;'EFN:A
S;TF MN : B[M/x]

Figure 2.3: Well-formedness of types

SET
S; '+ type : kind

SHT
S;I'F o :kind
S;I'F A type S;I'VAF L :kind
S;I'F1lz: AL : kind

Figure 2.4: Well-formedness of kinds

16

6.4. Extended Coinductive Type Class Resolution

The side condition of the NU rule requires the proof term to be in guarded head
normal form. However, unlike corecursive type class resolution, extended corecursive
type class resolution also uses the LAM rule and a guarded head normal term is not
restricted as in the previous section but is in a general form Aa.x e for a possibly
non-empty sequence of proof-term variables . First, let us note that extended

corecursive type class resolution indeed extends the calculus of Section 6.3:

Proposition 6.33

The inference rule NU’ is admissible in the extended corecursive type class resolution.

Proof. Let P be a program, let A be an atomic formula and let S;P, (o : =
A) — e : Awhere eisin gHNF. Then by the LaAMrule §;P, (a: = A) — M.e:
A where 3 is an empty sequence of variables. Therefore S;P, (a: = A) —e: =
A. Since e is in guarded head normal form by the NU rule also S;P — va.e: A.

O

Furthermore, this is a proper extension. The NU rule allows queries to be entailed

that were beyond the scope of corecursive type class resolution.

Example 6.34
Recall Example 6.8 where no cycles arise for query eq(bush(int)) and thus the query
cannot be resolved by corecursive type class resolution. Using the extended query the

calculus is resolved as follows:

(B: = equx)
€ PBush,a.8
_ a:eqr =
PBush.a,;S —
eq (bush )
B:eqx
€ Prush,a,8
(B: =eqx) P Bush,a,p — Kbush © €9 TA
€ PBush,a,8 af: eq(bushz) eq (bush (bushz))
PBush,a,B — PBush,mgS — ((I 6) = eq (bush 1')
Foims © €qint B:eqx : eq (bush (bushx)) € PBush.a.p
€ PBush PBush,a,3 — k2 B (a(aB)) : eq(bushz) -
“PBush — P Bush.a —* AB-FpusnB(a(aB)) : eqz = eq(bushz)
Nu
Kint : €qint P Bush — va\B.kpusnB(a(af)) : eqx = eq (bushz)

PBush — (VAL KpusnB(a(af)))kint : eq (bushint)

In the derivation, we use Pg to abbreviate the program P extended with the clause
B = eqxzA and P, to abbreviate the program P extended with the clause « :

eqzA = eq(bushuz).
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Chapter 2: Preliminaries

proofs for LF.

Theorem 2.13

1. (Unicity of Types) If S;T M : Ay and S;TF M : Ay then S;TF Ay = Ay :
L.
2. (Substitutivity) If S;T,x: AF T and §;T F M : A then S;T' = Z[M/x] where

T is any right side of a judgement that admits substitution.

Proposition 2.14

1. If §1,8:;TF M : B and b+ Sy,¢: A, Sy then S1,¢: A, So; ' M : B.
2. If §;I',IZay - M:Band SFTy,x: ATy then S;T',x: A,y - M : B.

Proposition 2.15

1. If§;THA: L andx €T then S;T' + A[M/z] : L.

Judgements of LF, and consecutively of our language, admit several properties
that are generally referred to as implicit syntactic validity. For the purpose of this

thesis, we require the following theorem:

Theorem 2.16 (Implicit syntactic validity)

e IfSET thent S, and
e fSSTHFA=B:L then SFT.

Let us note that we set up well-formedness in such a way that we can recover
notions familiar from (typed) logic programming. First, type constants in a signature
that are of kind Ilz; : A;.(--- (Hz, : A,.0)---) where each A; is of kind type
can be regarded as predicates. Similarly, term constants in the signature can be
regarded as function symbols. Atomic formulae, or atoms then are the expressions
in the syntactic class of types that are well-formed and of kind o. This intuition is

formalised using the following lemma:

Lemma 2.17
IfS;T A : (HOxy : Ay....(Tlw, : Ay.0)...) then A is equal to ((¢ Npt1) ... Ni)

18

6.3. Coinductive Type Class Resolution

for an atomic formula A, a constant symbol «, and a substitution o. By Lemma 2.37
C)7 P 'Zz:oind UA~
Inductive case, subcase LP-M: Let the last step be by the rule Lp-M and of the

form

P —e :0B P —e,:0B, (k:BiA---ANB,= A eP
S;P —rkey...e,:0A

for an atomic formulae A, B, to B,, a constant symbol k, a substitution o and
proof term ey, ..., e,. By the induction assumption, for i € {1,...,n}, P Fepina Bi
and by Lemma 2.37 d), P Feping 0 A.

Subcase NU’: Let the last step be by the rule Nu’ and of the form

Pla: = A) —e: A
P —vae: A

Nu’

for an atomic formula A, a proof-term variable o and a proof term e in the guarded
head normal form. W.l.o.g. let e = ke; ...e,. Therefore there is an inference step
of the form
P — e 0By P —e,: 0B (k:B{A---ANB, = A)eP
P —key...e,:0A
for A’ = A. By the induction assumption, for all i, P,(a : = A) F B;. By

Lemma 6.29, P E pina A. -

6.3.2 Choice of coinductive models

Perhaps the most unusual feature of the semantics given in this chapter is the use of
the greatest Herbrand models rather than the greatest complete Herbrand models.
The latter is more common in the literature on coinduction in logic programming
(Johann et al., 2015, Lloyd, 1987, Simon et al., 2007). The greatest complete Her-
brand models are obtained as the greatest fixed point of the semantic operator T}
on the complete Herbrand base, i.e. the set of all finite and infinite ground atomic
formulae formed by the signature of the given program. This construction is pre-
ferred in the literature for two reasons. First, T} reaches its greatest fixed point in
at most w steps, whereas Tp may take more than w steps in the general case. This
is due to compactness of the complete Herbrand base. Moreover, greatest complete

Herbrand models give a more natural characterisation for some programs.
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Chapter 2: Preliminaries

S;T'HA:o S;'tD:o S;I'X:AFD:o
S;THFA=D:o S;'FVX:AD:o

ST X:AFM:o
S;THIX:AM:o

Figure 2.5: Well formedness of clauses and goals

clause. We use notation G < D for a Horn clause D = G where such notation

facilitates reading of the clause or a logic program containing such clauses.

Example 2.20
Consider constants in Example 2.2. Then Vx : int.Vy : int.eqz = eqy =

eq (pairzy) and eqzero are Horn clauses.

To ensure that clauses and goals indeed consist of atomic formulae in positions
of types we introduce further well-formedness judgements:

e §;I'F D :o, for D a well-formed clause in signature S and context I'; and

o §;I'FG : o, for G a well-formed goal in signature S and context I.
These are intended to be read as extension of well-formedness of types and terms to

formulae. The judgements are given in Figure 2.5.

Definition 2.21 (Well formed clauses and goals)
A clause D is well formed in S if S;- = D : o can be derived. A goal G is well
formed in S if S;-F G : o can be derived.

Our choice of syntax of Horn-clause logic is one of several possible definitions.
Our motivation for choosing this definition is to minimise the number of logical
connectives without compromising expressivity of the system. Thus we omit logical
conjunctions and disjunctions. Reducing the number of logical connectives simplifies
our exposition of its semantics and reduces the number of cases that are necessary
to consider in the proof of its soundness. However, it is convenient to allow at
least logical conjunctions in goals and Horn clauses to simplify presentation in the
rest of this thesis. Different program transformation methods that preserve logical

equivalence and their impact on size of programs and derivations are studied in

20

6.3. Coinductive Type Class Resolution

a: = eq(evenlListint) €

P Evenodd,
Kint : €qint € «a: = eq(evenListint)
P Evenodd P Bvenodds
Kint : €qint € P EvenOdd «a: = eq(evenListint)
P BEvenOdd — Kint : €qint — «: eq(evenList int)
“Prvenodd P Bvenodds @ : = eq(evenList int)
— Kint : €qint — KoadListFint® : €q (oddList int)

P BvenOdd: @ : = eq(evenList int)

— KevenListFint (KoddListKint(r) : €q (evenList int)

— u’
P BvenOdd — VQ.KevenList Fint (KoddList Fint ) : €q (evenList int)

Recall that when the index is omitted the inference proceeds by the LP-M rule.

Coinductive soundness of system Lpr-M 4+ NU’

We can now discuss the coinductive soundness of the NU’ rule, i.e. its soundness rel-
ative to the greatest Herbrand models. We note that, not surprisingly (cf. Sangiorgi,

2009), the rule NU’ is inductively unsound.

Example 6.28
Consider a program P consisting of just one clause k : A = A. The rule NU’ allows
us to entail A:
(a: =A)eP,(a: = A)
Pla: =A) —a:A (k:A=>A)eP,(a: = A)

Pla: =A) —ra:A
P — vaka: A

Nu’

However, the least Herbrand model Mp, = 0 of the program does not contain (any

ground instance of) A.

This example also shows that the system LP-M + NU is a proper extension of
the semantics of Horn-clause logic. We can see the system as a coinductive big-step
operational semantics of Horn-clause logic.

Similarly, the formula eq (oddList int) proven in Example 6.27 is not inductively
sound, either. Thus, the coinductive fragment of the extended corecursive resolution
is only coinductively sound. When proving the coinductive soundness of the Nu’
rule, we carefully choose the proof method by which we proceed. Inductive soundness
of the LP-M rule was proven by induction on the derivation tree and the construction
of the least Herbrand models by iterations of 7p. Here, we give an analogous result,

where coinductive soundness is proven by induction on the iterations of the semantic
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Chapter 2: Preliminaries

2. IfS;THG:0and x €T then §;T + G[M/x] : o.
3. IfS;'+D:oandx &1 then S;I'+ D[M/z] =D :o.

Finally, we define logic programs as collections of clauses.

Definition 2.24 (Programs)

P>P =-|P,D programs
For the purpose of this section, we implicitly assume that programs consists only of

well-formed clauses.

Example 2.25

Returning to Example 1.8 and ignoring the annotating symbols,
Poair = -, VT : int.Vy : int.eqz = eqy = eq(pairzy), eq(int)

is a logic program. Ppasr consists of clauses that are well-formed in signature Spaiy-

When the program is non-empty, we omit the leading empty program, similarly

to notation for signatures and contexts.

2.3 Models of Logic Programs

In our analysis of soundness of type class resolution in Chapter 6, we make use of
the least and the greatest Herbrand models. The models are defined in the standard
way, that is for the first-order, untyped language.

In this section, we restrict terms of the language that we introduced in the

previous section:

Definition 2.26 (First-order syntax)

t>M,N =cla|MN terms
Other syntactic objects of the language remain the same as in the previous section.

22

6.2. Inductive Type Class Resolution

The least Herbrand model is Mp = {A f,B f}. Therefore P Fing B x = A x.

Howewver, any proof of B x = A x needs to show that:

P,a: =Bz —re:Ax
P —dae:Br=Acx

LAM

where e is a proof term. This proof will not succeed since no azxiom or hypothesis

matches Ax.

Program transformation methods

The main purpose of introducing the rule LAM in literature was to increase expres-
sivity of the proof system. In particular, obtaining an entailment P — e : H of a
Horn clause H enables the program P to be extended with Horn clause e : H, which
can be used in further proofs. We show that transforming (the standard, untyped)

logic programs in this way is inductively sound.

Theorem 6.24
Let P be a logic program, and let P — e : G for a formula G by the LP-M and

LaM rules. Given a formula G', P Fing G’ iff P, G Eing G-

Proof. By the Theorem 6.14, P E;,q G. Therefore, Mp is a model of G and Mp =
Mp . Hence P ;g G it P,G Eipa G O

Note, however, that the above theorem is not as trivial as it looks, in particular,
it does not hold coinductively, i.e. if we replace E;gy with Fying in the statement

above. Consider the following example.

Example 6.25

Using the LAM rule, one can prove - — Aa.av: A = A:

a: =>A—a:A

e Adaai A=A Lam

The greatest Herbrand models of the extended program -, A = A then contains all

ground instances of A and hence -, A = A E pina A. However, clearly - %eoping A.

Example 6.25 concludes our discussion of program transformation methods in

the inductive case.
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Chapter 2: Preliminaries

as follows. Let I be a subset of By.

Tp(I)={A € By | BiA---AB, = A is a ground instance of a clause in P ,

and {By,...,B,} C I}

We call Tp the semantic operator. The operator gives inductive and coinductive

interpretation to the logic program P .

Definition 2.31 (Least and greatest Herbrand models)
Let P be a logic program.
e The least Herbrand model is the least set Mp € By, such that
Tp(Mp) = Mp, and
o the greatest Herbrand model is the greatest set M/, € By, such that
To(Mp) = M,
That is, the least Herbrand model of P is the least fixed point of 7p and the greatest
Herbrand model of P is the greatest fixed point. In general, fixed points of the
semantic operator Tp are stable under formation of logical consequences of P and
models of P. By the virtue of 7p being monotonous and as a consequence of Knaster-
Tarski theorem fixed points of Tp form a complete lattice and both the greatest fixed

point and the least fixed point exist.

Definition 2.32

Let P be a logic program with signature 3.

Tp10=10

Te(Tp(a — 1)) , «is a successor ordinal
Tpta=
lWub{Tp T 8| B <a} , otherwise

24

6.2. Inductive Type Class Resolution

Proof. By structural induction on the derivation tree.

Base case: Let the derivation be

k:AeP
P —k:0A

for an atomic formula A, a constant symbol k, and a substitution o. From the
Lemma 2.37 part a) follows that P E;,4 0 A.

Inductive case, subcase LP-M: Let the last step in the derivation tree be by the
rule Lp-M thus of the form

P —e 0B P —e,:0B, (k:BiA...B,A=A)eP
S;P —key...e,:0A

for atomic formulae A, By, .., By, a proof-term symbol , a substitution o and proof
term ey, ..., e,. From the induction assumption, for i € {1,...,n}, P Fi,q 0B; and
by the Lemma 2.37 part b), P E;q 0 A.

Subcase LAM: Let the last step of the derivation be by the rule LAM thus of the

form
P,(f: =B),....,0: =B, —e:A
P — MNb1,...,0he: BiAN---AB, = A
for atomic formulae A, B, .., B,, proof term e, and variables by, .., b,. From

the induction assumption, P, (8 : = Bi),...,(8, : = B,) F A and from the
Lemma 6.18 also P E;,q A. O

Inductive completeness of system Lp-M + LAM

Let us comment on completeness of the calculus of LP-M and the calculus of Lp-
M and LAM. In principle, one can consider two different variants of completeness
results for Lp-M + LAM. Recalling the standard results of Lloyd (1987), the first

formulation is:

Definition 6.20 (Inductive completeness a la Lloyd)
If a ground atomic formula A is in Mp, then P — e : A is in the LP-M + LAM

proof system.

Such a result can be found in (Lloyd, 1987, pp. 47-49) and follows by straightforward

induction on the construction of Mp. The proof is based solely on the properties

109
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Chapter 2: Preliminaries

Proof. By contradiction. Consider a program P and the set [ = 7p T w. Assume
that 7p(I) # I. Then there is a ground atom A such that A € I and A & Tp(I).
Consider all clauses in P such that A is an instance of a head of such clause. Since
there are no existential variables each instance of a head uniquely identifies instances
of atoms in the body of the clause and these instances are ground. Call the set of
all such identified instances of atoms in the bodies of the clauses a support S.
Since A & Tp(I) then S € I and there is n < w such that S € 7p | n. Hence
A¢Tpl (n+1)and A & Tp | w which is a contradiction and [ is a fixed point.
For any fixed point J, J C By and from monotonicity of Tp follows that J C I.
Hence [ is the greatest fixed point. O

The above theorem provides a characterisation of greatest Herbrand models for the
class of Horn clauses without existential variables that we consider here.

The wvalidity of a formula in a model is defined as usual.

Definition 2.36
An atomic formula is valid in a model I if and only if for any grounding substitution
o, we have oF € I. A Horn clause By N --- AN B, = A is valid in I if for any

substitution o, if 0By, .., 0B, are valid in I then oA is valid in I.

We use the notation P FE;,q F to denote that a formula F is valid in Mp and
P Ecoina F' to denote that a formula F is valid in M.

Lemma 2.37

Let P be a logic program and let o be a substitution. The following holds:
1. If ( = A) € P then both P Eing 0 A and P Fping 0 A.
2. If, for alli, PEjqoB; and (ByA---ANB, = A) € P then P Fia cA.
3. If, for all i, P Ecpina 0B; and (By A+ A B, = A) € P then P Eqpina 0 A.

Proof. a) Let P be a logic program such that ( = A) € P. By Definition 2.30
of the semantic operator, for any grounding substitution 7, 7A € Tp(Mp). Since
Mp is a fixed point of Tp also 7A € Mp and by definition of validity of a formula,
P Finq A and also, for any substitution o, P F;,4 0 A. Since we do not use the fact
that Mp is the least fixed point the proof of the coinductive case is identical.

b) Let P, A, By, .., B, be as above. Assume, for all ¢, P F;,q B; whence, for

all 4, for any grounding substitution o, 0 B; € Mp. By Definition 2.30 of semantic

26

6.2. Inductive Type Class Resolution

for atomic formulae A, By, .., B,, a proof term symbol «, a substitution o and proof
term ey, .., e,. From the induction assumption, for ¢ € {1,...,n}, P E;,q 0B; and

by the Lemma 2.37 part b), P E;q 0 A. O

This is a standard result that can be found in literature (Lloyd, 1987). We include
a proof since the rule LP-M also plays a crucial role in the coinductive fragment
of type class resolution, as will be discussed in Sections 6.3 and 6.4. We believe
that it is illustrative to compare structure of this proof with and the proofs of the

appropriate lemmata in those sections.

6.2.2 Proof system Lr-M + LAM

A natural extension of the proof system LP-M is the extension with a rule that

allows us to prove implicative goals.

Definition 6.15
Let P be a program, A, By to B, atoms, e a proof term and By to 3, proof variables.
The calculus of extended type class resolution is given by rule LP-M and the following

rule:
P,(B: =By),....,0: =B, —e:A
P —>)\51,.‘.,/3n.e:Bl/\~-~/\BnéA

(Lam)
We illustrate the use of the LAM rule by an example.

Example 6.16
Let P = (k1 : A= B),(ky : B = C). Both the least and the greatest Herbrand
model of P are empty. Equally, no formulae can be derived from the program by the
Lp-M rule. However, we can derive A = C' by using a combination of the LAM and
Lp-M rules:

a:AeP,(a: = A)

Pla: =A)—a:A

P, (a: = A) — Kkia:B

Pa: = A) —ra:C
P — Ak (kra): A=>C

LAM

When there is no label on the right-hand side of an inference step, inference proceeds

by Lp-M rule. We follow this convention throughout the rest of this chapter.

Again, the we relate the proof system to the big-step semantics:

107
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Chapter 2: Preliminaries

when checking the equality of terms and types and when synthesising new terms
and types. In this section, we present syntax and typing judgements of nameless
LF. Our presentation follows Harper and Pfenning (2005) but employs de Bruijn

indices and explicit substitutions (Abadi et al., 1990) instead of names.

2.4.1 Syntax

The LF is a first-order dependent type theory. The syntax is separated into three
levels of objects. There are separate levels of kinds, of types and of terms.

We use natural numbers in N for de Bruijn indices ¢,¢q,..., and we denote
successor by o(—). We assume countably infinite disjoint sets C of term constants,
and A of type constants. We denote elements of C by ¢, ¢, etc., and elements of A

by «, B3, etc. We define terms, types, and kinds as well as signatures and contexts of

LF.

Definition 2.38

t>M,N s=c|N|AM|XAM terms
T>AB s=a|AM |ITA.B types
K>L = type | IA.L kinds
Sig> S n=-|S,c:A|S,a: L signatures
Ctx>T w=-|TA contexts

Terms consist of term constants, de Bruijn indices, function application and function
abstraction. We use identifiers M, N to denote terms in ¢. Types consists of type
constants, type application, and formation of dependent type family. We do not
consider type level abstraction. Note that this does not decrease expressive power

of the calculus (Geuvers and Barendsen, 1999). We use identifiers A, B to denote
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6.2. Inductive Type Class Resolution

6.2 Inductive Type Class Resolution

In this section, we describe the inductive fragment of the calculus for the extended
type class resolution that was introduced by Fu et al. (2016). We show that inference
rules of this calculus are admissible in the framework of Chapter 3. We reconstruct
the standard theorem of universal inductive soundness for the resolution rule. We
consider an extended version of type class resolution, working also with implicative
goals rather than working just with atomic formulae. We show that the resulting
proof system is inductively sound, but coinductively unsound; we also show that it is
incomplete. Based on these results, we discuss the program transformation methods

that arise.

6.2.1 Proof system Lpr-Mm

First, we give semantics of type class resolution using the syntax of proof-relevant

Horn-clause resolution.

Definition 6.11 (Type class resolution)
Let P be a program, A, By to B, atoms, o a substitution, and e, e; to e, proof

terms. The calculus of type class resolution is given by the following single rule:

P — e :0B; P —e,:0B, (e:ByA---ANB,=A)eP
P —eer...e,:0A

(Lp-Mm)

If, for a given atomic formula A, a given proof term e, and a given program P,
P — e: Ais derived using the LP-M rule we say that A is entailed by P and that
the proof term e witnesses this entailment. The signature S of the logic program P
does not play a role in the inference rule and we keep it implicit. We will do so for

signatures in the rest of this chapter.

Example 6.12
Recall the logic program P pa, in Example 1.3. The inference steps for resolution of
the goal eq (pair int int) correspond to the following derivation tree in the calculus

of Definition 6.11.
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Chapter 2: Preliminaries

at =«
(IIA.B)1* = AAY* .B1"
(AM)* = (A1) 1)

Substitution with a term N and index ¢ replaces indices that are bound by the (-th
binder while updating remaining indices. The index ¢ is increased when traversing

under a binder.

Definition 2.41 (Substitution)
Term and type substitution, denoted by (—)[N/i] is defined as follows:

[N/l =¢
(AA.M)[N/t] = NA[N/J].MIN1° /o]

(MyM2)[N/e] = (Mi[N/e])(Ma[N/1])

0[N/0) =N
O0[N/o] =0
ol[N/0] = o¢

ol [N/ol] = o([N//])

a[N/i] =«
(TTA.B)[N/i] = MA[N/1].B1° [N/a]

(AM)[N/u] = (A[N/:])(M[N/1])

Shifting with a greater index than zero and substitution for other indices than zero

will not be needed in many cases. For the sake of readability we introduce the

30

6.1. Type Class Mechanism

eq(bushint) ~~ (eq (bush int))™=* — ~»* eq int A eq (bush (bush int)) ~»
(eqint)™=' — A eq (bush (bush int)) ~" eq (bush (bush int)) ~~

(eq (bush (bush int)))™=" — ~~* eq int A eq (bush (bush (bush int)) ~»
(eqint)"™™' — A eq (bush (bush (bush int)) ~*

eq (bush (bush (bushint)) ~> ...

Fu et al. (2016) have recently introduced an extension to corecursive type class
resolution that allows implicative goals to be proved by corecursion and uses the
recursive proof term construction. Implicative goals require that we extend the
language we use for representing logic programs. The shape of these goals is always
that of Horn clauses, as will be stated formally by the inference rule LAM below. We
could define a proper syntactic class to exactly capture these extended goals but we
will opt out for the syntax of the logic of hereditary Harrop formulae we introduced
in Section 3.2 of Chapter 3. Consecutively, proof terms then contain A-abstraction.
However, in order to study corecursive resolution, we need to extend the syntax of

proof terms to allow for recursive proof terms.

Definition 6.9 (Recursive proof terms)

PT >e = | vKe proof terms

Proof terms are extended with a new syntactic construct, v abstraction, that repre-
sents recursion. The ellipsis in the definition are to be understood as the appropriate
syntactic constructs of Definition 3.23 in Chapter 3. In this chapter, we refer to re-
cursive proof terms as proof terms. We keep the use of the identifier e for proof
terms. We further use identifiers «, § for proof-term symbols that are subject to
v abstraction. A proof term e is in guarded head normal form (denoted gHNF (e)),

if e = Ma.k e where a and e denote (possibly empty) sequences of abstraction

103
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Chapter 2: Preliminaries

Algorithmic statement of equality uses simple types and simple kinds rather than
types and kinds as there are no dependencies on terms. We use identifiers x for
simple kinds, 7 for simple types, S~ for simple signatures and A for simple contexts.
The erasure from objects to corresponding simple objects, denoted (—)~ is defined

as follows:

Definition 2.45 (Erasure)

(type)” = type

(TTA.L)" =(A)” = (L)~

(0 =«
(A.B)” = (A)” = (B)~

(AM)~ = (A4)°

We conclude exposition of syntax of nameless LF with an example of simple

kinds, simple types and simple signatures and contexts.

Example 2.46
Consider constants given in Example 2.39. Then bool — (bool — type) is a simple
kind and bool — =y.01 is a simple type. These are results of erasure on kinds and
types given in Example 2.39.

Also, -, bool : type,tt : bool,ff : bool, =pee1 : bool — (bool — type) is a

simple signature and -;bool is a simple context.

2.4.2 Typing and equality

Typing judgements of nameless LF and equality of objects are defined mutually.
We call these judgements commonly well-formedness judgements. The notion of
equality we consider is weak algorithmic equality (we refer to Harper and Pfenning

(2005) for details).

32

6.1. Type Class Mechanism

A non-terminating small-step resolution trace is given by:

eq(evenList int) ~» (eq(evenList int))teremtist— n*

eqint A eq(oddList int) ~» (eqint)™™ A eq (oddList int) ~*
eq(oddList int) ~» (eq (oddList int))teddtist'— o*

eqint A eq(evenlist int) ~» (eqint)™*~ A eq (evenList int) ~~*

eq(evenList int) ~ ...

The goal eq(evenList int) is simplified using the clause Keyenist 10 goals eqint
and eq(oddList int). The first of these is discarded using the clause Kin. Res-
olution continues using the clauses Kogariss and King, resulting in the original goal
eq (evenList int). It is easy to see that such process could continue infinitely and

that this goal constitutes a cycle (underlined above).

As suggested by Lammel and Peyton Jones (2005), the compiler can terminate
an infinite inference process as soon as it detects all cycles. Moreover, it can also

construct the corresponding proof term in a form of a recursive function.

Example 6.6 (Fu et al. (2016))

The infinite resolution trace in Example 6.5 is captured by a proof term

V.KeyenListRint (KJoddListHinta)

where v is a fixed point operator that binds the variable o, which will be formally
defined below. The intuitive reading of such proof term is that an infinite proof of
the goal eq (evenList int) exists, and that its shape is fully specified by the recursive

function given by the term above.

We say that the proof is given by corecursive type class resolution. Corecursive type
class resolution is not inductively sound. However, as we prove in Section 6.3, it is
(universally) coinductively sound, i.e. it is sound relative to the greatest Herbrand

models.
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Chapter 2: Preliminaries

S;'EM:A

SET ctx c:AeS

S;'ke: A CON
SET,A ctx JERO
S;IVAFO: AT
S;'Hi: A
sucCcC

S;I'Btou: AT

S;T'F A: type S;I'A-M:B
S;I'FAAM 1IA.B

II-INTRO

S;I'-M:1IA.B S;THEN:A ST FA= A :type
S;T'F MN : B[N]

[I-ELIM

Figure 2.8: Well-formedness of nameless terms

ure 2.9.

Example 2.49
Let S be the signature we introduced in Example 2.39. Then Abool.refl0 is a
well-formed term of type I1bool . =pee1 0 in the signature S and an empty context.

We show a part of a derivation of the judgement.

Stk ctx S;+,bool - refl S;-,bool I tt S; -, bool -

bool : type € S : IIb00l .(=poo1 0) 0 : bool bool = bool : type
S; - F bool : type S;+,bool - refl 0: (=poo1 0)0

S;-F Abool.refl 0: I1bool.=pee1 0

Ellipsis stand for omitted parts of the judgement, which can be constructed in a

straightforward manner.

The above example demonstrates the fact that the well-formedness judgements of
terms, types and kinds, of signatures and contexts, and the equality judgements
are mutually recursively defined. In the next part we discuss judgements defining

equality of objects in nameless LF.

Equality

We consider algorithmic equality as the notion of equality for its convenience in
formalisation in Chapter 5. Equality of terms is informally decided as follows:

e two terms of function type are equal if their n-expansions are equal,

34

6.1. Type Class Mechanism

In literature, there restrictions are known as Paterson Conditions (Sulzmann
et al., 2007). We include a formulation of Paterson Conditions on instance declara-
tions as restrictions of Horn-clause programs for the purpose of referring to particular

restrictions in the remainder of this chapter:

Definition 6.3 (Instance restrictions)
A logic program P = Dy, ..., D, adheres to Paterson Conditions if
1. for all i # j, D; does not unify with D;, and

2. for all i, D; does not contain existential variables.

These restrictions guarantee that type class inference computes the principal (most
general) type. Restrictions 1 and 2 of Definition 6.3 amount to deterministic in-
ference by resolution, in which only one derivation is possible for every goal. Note
that our characterisation of greatest Herbrand model (Proposition 2.35) employed
the restriction 2. Restriction of SLD resolution to term matching means that no
substitution is applied to a goal during inference, i.e. we prove the goal in an im-
plicitly universally quantified form. In order to accompany for this restriction, we
treat any variables in Haskell type class goals as Skolem constants in the calculus
of proof-relevant resolution, i.e. as fresh constant symbols of the appropriate type.
Such treatment allows us to stay within the model theory of Horn-clause logic we
defined in Chapter 2.

It is a standard result that (as with SLD resolution) type class resolution is in-
ductively sound, i.e. that it is sound relative to the least Herbrand models of logic
programs (Lloyd, 1987). Moreover, in Section 6.2 we establish that it is also univer-
sally inductively sound, i.e. that if a formula A is proved by type class resolution,
every ground instance of A is in the least Herbrand model of the given program.
In contrast to SLD resolution, however, type class resolution is inductively incom-
plete, i.e. it is incomplete relative to least Herbrand models, even for the class of
Horn clauses that is subject to restrictions 1 and 2 of Definition 6.3. For example,
given a clause = q(f(z)) and a goal q(z), SLD resolution is able to find a proof (by
instantiating = with £(x)), but type class resolution fails.

Lammel and Peyton Jones (2005) have suggested an extension to type class

resolution that accounts for some non-terminating cases of type class resolution.
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Chapter 2: Preliminaries

M A

(AAM)N 25 M[N] wh

MN — M'N’

Figure 2.10: Weak head reduction of terms

STAFM e M 7]

M A SSAFM &Nt
SGSAFMES N:T

NN STAFMe N7
ST AFM & N1

ST AFEM < Nt
SGAFMESN:T

SHGAMEMPDOS (ND)0: 7
SSGSCAFM SN —> 1

Figure 2.11: Algorithmic equality of terms

The notion of equality of types is simplified due to the fact that we do not con-
sider abstraction on the level of types. The absence of abstraction means there is no
need for weak head reduction on the level of types and equality comprises decom-
posing of function type into equality of types and decomposing of type application
into equality of types and equality of term arguments. We refer to the equality as

weak algorithmic equality.

Definition 2.52

Weak: algorithmic equality of types is defined by inference rules in Figure 2.13.
We conclude this section with an example concerning equality.

Example 2.53

Consider the signature S we introduced in Example 2.39. Then the term (Abool . refl 0) tt

is equal to term refl tt in the simple signature S~ and an empty simple context.

The following is a derivation of the equality judgement.

36

6 Type Class Resolution

In this chapter we demonstrate a use of proof-relevant resolution for the purpose
of semantical analysis of programming languages. Our use case is type class reso-
lution. Type class resolution is commonly understood to correspond to first-order
Horn-clause resolution. Recently, several corecursive extensions to type classes have
been proposed (Fu and Komendantskaya, 2017, Fu et al., 2016, Lammel and Pey-
ton Jones, 2005). The corecursive type-class resolution calculus of Fu and Komen-
dantskaya (2017) falls outside of Horn-clause logic as it in fact uses implicational
shape of goals to handle coinductive assumptions. Hence, in this chapter we employ
both Horn-clause logic and the logic of hereditary Harrop formulae to capture type-
class resolution. We expose, in a compositional manner, the calculus of type class
resolution and, as its extensions, two calculi of corecursive type class resolution.
We show that type class resolution is inductively sound with respect to least Her-
brand models; that the corecursive extensions are coinductively sound with respect
to greatest Herbrand models of logic programs; and that the corecursive extensions
are inductively unsound. Further, we establish incompleteness results for fragments

of the proof system.

6.1 Type Class Mechanism
In this section we summarise the type class mechanism. Recall our running example
that we used in the Introduction.

Example 6.1 (Farka et al. (2016), Fu et al. (2016), Hall et al. (1996))

The the class Eq and its instances for pairs and integers are defined as follows:

class Eq a where

eq :: a— a— Bool

97
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Chapter 2: Preliminaries

o refl : =poo1
=S sig S

ST+ b refl ¢ refl =S sig tt:bool e S
1 bool = =poe1 S7;-Ftt <> tt: bool
(Abool.refl 0) tt ST b refl tt <> refl tt: =poo1
T refl tt ST Frefl tt & refl tt: =po01

S7;-F (Abool.refl 0) tt < refl tt : =poo1

We omit derivations of well-formedness of the signature for the sake of brevity. This

is denoted by ellipsis.

38

5.5. Related Work

of this interpretation of generated goals and programs makes it feasible to adjust
the refinement calculus for different type theories.

Type inference in type theory with dependent types is an undecidable problem
(Dowek, 1993). However, a relaxation thereof, type refinement, is common in ex-
isting languages based in type theory with dependent types. A bi-directional type
inference algorithm that depends on constraint solving has been implemented for
the Agda interactive prover (Norell, 2007). More recent work by Asperti et al.
(2012) on type inference in type theory for the Matita theorem prover also employs
a bi-directional approach. However, this algorithm is based on rewriting rather than
constraint solving. A similar approach to refinement has been taken by Brady (2013)
in the dependently typed programming language Idris. Pientka (2013) presented a
type reconstruction algorithm for LF and Beluga.

Currently implemented systems (cf. Pientka, 2013) make use of a bidirectional
approach to type checking. That is, there are separate type checking and type
synthesis phases. The key difference between these systems and our own work
is that we do not explicitly discuss bidirectionality. Combining this with a clear
identification of atomic formulae with judgements, and Horn clauses with inference
rules, in our opinion, makes the presentation significantly more accessible. However,
bidirectionality in our system is still implicitly present, albeit postponed to the
resolution phase. As future work, we intend to analyse structural resolution (Fu
and Komendantskaya, 2017) for the generated goals. We intend to show that the
matching steps in the resolution correspond to type checking in the bidirectional

approach whereas resolution steps by unification correspond to type synthesis.
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Chapter 3: Proof-Relevant Resolution

SEP

S SEP S;-FD:o
Sk SFP,k:D

Figure 3.1: Well formedness of programs

Example 3.3
Recall Example 1.3. The program

Prair = *, Kpair 1 VZ 1 int.Vy : int.eqz = eqy = eq(pairzy), ki : eq(int)

is a program . Ppair consists of clauses that are well-formed in signature Spair and

is well-formed, or Spair b Prair-

Note that the well-formedness judgement for programs admits implicit syntactic

validity property:

Proposition 3.4
If SEP then - S.

Proof. By induction on derivation of the judgement. d

Further, the properties of Propositions 2.14 and 2.22 concerning weakening of

signature can be extended to programs.

Proposition 3.5
If 81,89, TEP and - S1,¢: A, Sy then S1,¢: A, So; T = P.

Proof. By induction on the program using Proposition 2.22, Part 1. ]

Since programs consists of definite clauses that are well-formed in an empty

context, programs and program clauses are stable under substitution:

Proposition 3.6

1. If SEP1,k: D, Py then S+ P1, K : D[M/z], Ps.

Proof. By induction on the program using Proposition 2.23. ]

40

5.4. Implementation

Theorem 5.25 (Soundness of interpretation)

Let M be a term in the extended syntax with signature S. Let P and Gy be a
program and a goal such that S, -+ (Guy|A) and S Fpry P respectively. Let p, R
be a substitution and a proof term assignment for proof term e computed by proof-
relevant resolution such that S;P & - | Gy ~> - | e. Then if there is a solution for a
well-formed term, then there are solutions (p', R') and (p", R") such that (p/, R')M

is a well-formed term and
(0", R")((p,"R)M) = (¢, R)M

Proof. Generalise the statement of the theorem for an arbitrary well-formed context
I'. By simultaneous induction on derivation of the well-formedness judgement of
(¢p', R)M and derivation of S;P - | G~ - | e. The theorem follows from the

generalisation. |

Theorem 5.25 guarantees that the refinement computed in Examples 5.18-5.24
is well typed in the internal language. That is, there is a derivation of the following

judgement:

S; -, maybe, tt - elimpagpe, tt 0 (Att =peor £f.elim=,, 0)

D (tt=poor tt) = A — A) — A

We omit the actual derivation of the judgement. However, note that it can be
easily reconstructed in a similar way as the intended interpretation of proof terms
is computed in Definition 5.23. For example, in case of our running example, the
subterm d.,r of the proof term gives derivation of the definitional equality that is

necessary to verify application of elim=, , to index 0.

5.4 Implementation

We formalised the results in this chapter using the Ott tool (Sewell et al., 2010)

and the Coq theorem prover. The formalisation was reported in a published paper
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Chapter 3: Proof-Relevant Resolution

S;P A e A

S;P —r e Ay S;PEEL[})(EQZAQ

:A1=D
S;P 61—) 622142

S;Pﬂe:A k:DeP
S;P —e: A

e:D[M/x
—

]62:A2 S,}‘A[A]
S;P vz Ay D ey : As

Figure 3.3: Backchaining rules

S;P

a signature that allows us to encode facts about natural numbers. The signature
contains function symbols z and s that denote zero and successor respectively. The
signature further contains a predicate nat that has one argument and denotes that
its argument is a natural number. We discuss several goals that are formed in this

signature and show their big-step resolution derivations.

Example 3.9
Let S be the following signature:

S=a:type,z:a,5:a—a,nat:a—o

The predicate nat is given an interpretation by the following program:

P =k, :nat z,

ks Vo :anatr = nat (sx)

First, consider a well-formed goal nat z. The goal is resolved with the proof term k. :

S;P Hﬂzmz:natz K,:nat z € P
S;P — Kk, :nat z

Similarly, a well-formed goal nat (s z) is resolved with the proof term kg k..

492

5.3. Proof-Relevant Resolution and Soundness

resolves as follows:

|G| Gy s term (T, A, (T, £t =poor £T)

The computed substitution assigns (II(II(tt =poor tt).(ILA.A)). A to the logic vari-
able ?p,, which occurs in G. We now show the trace for the remaining goal
25t term(Ty, A, tt =poor £ 1 T'1).  Given the clauses of Example 5.20, a resolu-
tion trace that computes a proof term that is bound to identifier o, can be given as
follows:

Pt | term?, A(T1,tt =poor ££) ~
7q it ] (term 7y A(T'1,tt Spoor ££))"H5— ~>
Tay 16 %0y 6 %0y 6,74 0 T, 7p0 0 T | Kevam (term (2, 7a,) (I174.75/) (T'1, 6% Zpoor £1)A
term?,, 74Tt Aeqr ?p, 7B type (T'1,tt =poor ££)) ~
a6 Ty 6 Ty 674 T 7 i T Kewan ((term (Pa, ay) (IT74.757) (D1, £ Spoor ££))" =000 A
term?,, 7aT1 Aeqr ?p, 7p type (T'1,tt =poo1 ££)) ~

1 ((term 2?4, (£t =poo1 ££) (I'1, t Zpoo1 ££)A

’
bool 2

p it | Kelim Felin_
€qr (£t =poo1 ££) (£t =poo1 ££) type (I'1, tt =poo1 £f))) ~

ap it | Kelim Keline,, (((term 7aé (tt =poo1 £F) (I'1, tt =poor ££)) ™A

eqr (tt =poo1 ££) (tt =poo1 £1) type (I't, tt =poo1 T£))) ~
- | Kelin Relim=, , KO

(eqr (tt =boo1 £) (tt =poor ££) type (I'1, tt =poor ££)) ~*

- | Kelin Kelin=, , K0 5eqT
Above, we omit writing full derivation of the last goal but denote the result as deq,..
The assignment to the logic variable 74 is A and the subterm of the computed proof

term that is bound to 0y IS KelinKeline

=bool

K0Oeqr where the subterm d.q4, is a witness

of the appropriate type equality.
Since we have used types and terms of nameless LF to define our atomic formulae,
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Chapter 3: Proof-Relevant Resolution

Kqiqe

S;P — kq:qc Kq:qc€P
S;P —r Kq:iqc S;P K'ﬂ{prcprcq:p
S’Pwipnpnq:p S;-Fecia

opiVaia.q e
S;PN' g I’n,,nq:p Kp:Vzr:iaqr=peP

S;P — Kpkq:p

Example 3.10 illustrates an essential feature of the big-step semantics. Namely,
instances of unification variables need to be given beforehand and moreover, these
instances need to be terms that are well-formed in an empty context. This effectively
means that goals resolved in the big-step semantics need to be well-formed and

ground. We state this result formally as the following proposition:

Proposition 3.11

1. If §;P — e: G and G is well-formed, S;P = G : o, then e is ground, i.e.,
var(e) = 0.
2. If §;P B e A and var(e') = 0 and A is well-formed, S; P+ A : o, then e

is ground, i.e., var(e) = ().

Proof. By simultaneous structural induction on derivations.
Part 1
§;P —e:BM/z] S0-M:A
S;P — (M,e):3z: A.B
S; 0+ M : A then also var(M) = () and from Part 2 of the proposition follows
that var(e) = (). Hence, var((M,e)) = 0.

k:D
« Let the derivation step be ;P —~e¢:A  K:DEP  The var(e) = ()
S;P —e: A
follows from Part 2 of the proposition and the fact that var(x) = 0.

Part 2

e Let the derivation step be Since

o Let the derivation step be SP A oA From the assumption, var(e) = 0.
S;P —v et Ay 8;7362302 Ay

S;P edixh ey Ay
Part 1 of the proposition follows that var(e) = (. From this fact and from the

e Let the derivation step be From

assumption var(ee;) = (), using the induction hypothesis, we conclude that

var(es) = 0.
eDIXM] ) .
o Let the derivation step be S P €2 A S FM:A From
S;P X e, A,
Part 1 of the proposition, var(e) = 0.
]
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5.2. Refinement in Nameless LF

that the judgement S;T'1; M' = (G | 7p,) holds:

G =T AT Aegr (ITbool .(Il(maybe, O7).(II(TL(27 =poo1r ££)- A).(IL(IL(31 =poo1 tt).

(ITA.A)).A))))(IIbool.?p,) (ITtype .7, ) T A (?5,[tt /Or] = ?B,) ATA

eqr g, (Il(maybe, tt).75,) (Il type .7.,)T1 A (?5,[0r /0r] = ?5,)A

type T4 Tr, Ty Aterm 7,74, (T1,74) Aeqre 71, type Iy A (74,[07/0r] = 75,)A

eqr ?p, (7 4.75,).75,, Ttype. 7 ) T A (?5,[(A?4.7) /0r] = ?5,)

That is, the type of M' will be computed as a substitution for logic variable ?p, and

resolving the goal in small steps also computes assignments to 74 and 7.

Proposition 5.19 (Decidability of program construction)
Let S be a signature. Then inference rules in Figure 5.4 construct the program P

such that S Fprog P.
We develop our running example further to illustrate the proposition:

Example 5.20 (From a signature to a program)
The signature S contains the constant elim=, , hence the generated program contains

the clause:

Keline,,, : term elim=,  (I1tt =poo1 £ .A) type 7t <

The following clauses come from the program P, and represent inference rules of

the internal language:
Ko i term 07?4 (70, 74) < 241 = 74
Kevim : term (7,7) 770 <= term?, (I174.75/) 70 Aterm 7,74 70 A

eqr 7 type v A (Tp[%] = 7p)

Example 5.18 shows unresolved meta-variables in the goal, and Example 5.20 gives a

program against which to resolve the goal. Now the proof-relevant resolution comes
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Chapter 3: Proof-Relevant Resolution

K[M/z] =k
G[M/z] = G[M/x]
é162[M/x] = (&1[M/x]) (é2[M/x])

(N, &)[M/a] = (N[M]a], é[M/a])

Rewriting contexts are used in the definition of the small-step semantics as a
device to identify a subterm of a mixed term where the computational step happens.
More precisely, a mixed term that is subject of a judgement of the small-step se-
mantics is decomposed into a rewriting context with a hole e in the position of such
subterm and the subterm itself. We introduce an operation of hole replacement, de-
noted —{—}. Hole replacement replaces a hole in a rewriting context with a mixed
term. Hole replacement allows us manipulating rewriting contexts in definition of

the small-step semantics.

Definition 3.14

(@ O){e} =& (C{e})

(M, C){e} = (M, C{e})
A result of hole replacement with a mixed term in a rewriting context is a mixed
term. We say that a mixed term €' identifies a rewriting context C' in a mixed term
é if C{é'} = é. Conversely, € is the identifying mixed term for C. We state the

following property about identification of rewriting contexts:

Proposition 3.15
If C1{G} = Co{é} then there is a unique C' such that é = C'[G].

Proof. By induction on Cy and Cy. The compatible cases are:

o Ci=eand Cy =e. Then é = G and C’' = e.

46

5.2. Refinement in Nameless LF

Finally, there are clauses that represent shifting and substitution on terms and types:
Kshifiiintro = (174 700) T = (D70 700) <= 24T = 24 AT 17 = T
Kshifirtintro © (AN?a.Ta) T = ANa2u) € 24 = 20 AT = T
Kaguetim © (Ta?8) 1 = (ar?wr) < 2t = T AT = T
Khifirgt © 110 = o1 <=
Kshifttpred © 017" = 0 <
Kshifttstep - OL 1= g =t =
Rsuserinero * (I24.200)[2n /1) = (240 20p) = (2al?n/d = 24) A (In10 = )
A [Py /ol] = T
Ksubstintro © (A?4.7a0) [N/ = (A0 20p) = (Palt/?0) =) A (010 = )

/\?]\/j[?lj\]/(fd = ?]VI’

Rsubsttelim (?Ml 7A12)[7N/L] = (?M{?MQ’) < Ty [71\//4 = ?M{ Ay [?N/L] = ?Mé

Ksubstz© O[’n/0] = 7y <=
Ksubsts © O[7n /ol =0 <
Ksubstgt 0[N /0] = 01 <=
Ksubstpred © OL[In /o] = o < 7)1 ="

The clauses in Definition 5.15 correspond to judgements in Figures 2.7-2.9 and
Figure 2.10. They are direct translations of the inference rules of nameless LF in
these figures. The judgement S Fp,os P extends P, with a clause for each type and
term constant in S and initialises shifting and substitution with term and type-level

constants as constant under the operation.
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Chapter 3: Proof-Relevant Resolution

SPrED el

S;Tko: TV S;I"'FoA=0cA 0
S;P FT | C{A}Y A 1| o(Cfe})

S;P T | C{A} &P | e

S;P T | Cf{A} " e
SPFI,Y: Al\C{AQ}“DY/’”]F E

S;P T | C{A} 7P ¢

Figure 3.5: Backchaining rules, small-step

rather lengthy but indicate only rewriting of the identified goals in the course of com-
putation. We superscript the identified goals with the annotating mixed term and

the annotating definite clause, that is we will write, e.g., I' | C{A%4} ~ T' | C{e}
S'E{}:T STH{}A={}A:0 )
for T . Occasionally, when several resolu-
S;P T |C{A} ~ T | C{e}

tions steps are straightforward, we will omit them and write T | é ~* IV | ¢ for

[é1~ ooy | ép T

Example 3.17
Resolving the goal 3z : a.nat (s X) in S and P:

|3z anat (sx) ~ Z:a|{Z,nat(sZ)) ~
Z :a | (Z, (nat (s Z))rsvmanata=nat (sa)y
Z:a,Y :a|(Z, (nat (s Z))snatY=nat Yy
Z:a,Y :a|(Z, (nat (s Z))<s matY)mat (sY)y
Z :a|(Z ks (nat Z)) ~
Z:a | (Z, ks (nat Z) =" 7Y v
| (2, Kshiz)

Similarly, the goal in Example 3.10 can be resolved using the small-step semantics

as well.

48

5.2. Refinement in Nameless LF

that are generated from a signature S. The clauses that represent inference rules of
LF are the same for all programs and Definition 5.15 gives a minimal program P,

that contains only these clauses.

Definition 5.15
Let P, be a program with clauses that represent inference rules for well-formedness

of terms and types:
Ktrue & 1 <
Ko: proj0?,(7r,74) <= Pat= 74)
Koo proj(a?,)?a(r, ) < proj 2,24 e A(Qa T = 74)
Kproj © type?, 74 type Tr <= proj?, 74
KTeetim: type (Pa?n) 7r 70 < type?a (117 4,.71) 70 Aterm 2ar 24, 7oA
eqr ?a, T4, type o A (P [?a] = 71)
Koo © type (1174.75) type Tr <= type 74 type v Atype 75 type (*r,75)
Kietim : term (Tar 7n) T 70 < term ?y (I174,.75) 70 Aterm 7y 74, T/
eqr?a, Ta, type, Tr A (Pp[?n] = 75)
Ktointro - term (A?4.70)(II74.75) 70 <= type 74 type Tr Aterm ?p 75 7r)

Further, there are clauses that represent weak algorithmic equality of types, algorith-
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Chapter 3: Proof-Relevant Resolution

unique C’ such that é = C'{A}. By the induction assumption, there is a
mixed term é”, a substitution 6 such that & = 0(e Co{C"{A}}){€"}, and

a derivation of S;P FT' | C'{A} P | ¢”. Then there is a derivation
S;P FF|C’{A}~»F’|A” )
S;P FF\C’{A}WF’V”

We use Proposition 3.15 in the rest of the proof implicitly.
S;PELY :A|eCi{{Y,GY/z])} ~T"]| ¢
S;PET|eCi{3zx: AG}~T"|¢
induction assumption, there is a mixed term ¢&”, a substitution # such that

¢ = 0(e Co{C"{A}}){€"}, and a derivation of

S;PELTY : A | C'{{Y,G[Y/a])} ~T" | é. Then there is a derivation
S;PELY : A|C'{{Y,G[Y/z])} ~T"] &

S;P T |C'{Fx: AGY~T | ¢ '

kD ~

S;PET (M, C){A} 1" & By the
S;P ET | (M,C1){A} ~T"| ¢
induction assumption, there is a mixed term é”, a substitution € such that
¢ =0((M,Cy){C'{A}}){é"}, and a derivation of ;P T | C"{A} ~ 1" | &".
SP}—F|C’{A}->F’|A” .
S;PET|C{A} ~T"]¢"
S;PETY : A| (M, C){{Y,G[Y/z])} ~T"| €&

S;PET|(M,Ci){3z: AG}~T"|¢
the induction assumption, there is a mixed term é”, a substitution 6 such that
€ =0((M,Co){C"{A}}){é"}, and a derivation of
S;PELY : A | C'{{Y,G[Y/x])} ~T" | €. Then there is a derivation
S;PELY :A|C'{{Y,G[Y/z])} ~T"| €

S;PET|C{3x: AG}~T"|¢"
Part 2 The compatible cases are:

o Let the derivation be . By the

e Let the derivation be of the shape

Then there is a derivation

e Let the derivation be

. By

L S;THO: TV ST'I—GAZGA"O
e Let the derivation be of the shape and
SPI—F\C{A} F’|90{e}
the rewriting context of the shape C' = e. Then ¢” = ¢é and S§;P F T |

Aevé,F|e

e

S;P T |e{A} &P

e Let the derivation be of the shape — Then
S;P T | ofd} 4577 ¢
¢ —éand S;P T | AL T |6
. . é1:D[ Y/T R
e Let the derivation be of the shape SiPFLY: A | e{A} I'je
S;P T | e{A} P 0
Then ¢ = ¢ and S;P FT | AP 17 |6,
o S;'Ho: 17 S;T'FOA=0A 0
o Let the derivation be of the shape . By

S;P T |eCi{A} 4T ¢

the induction assumption, there is a mixed term ¢” and a substitution € such

50

5.2. Refinement in Nameless LF

A —T—ot—=t,—p—:T—>T—->Tlpr— —:T—>T-—>T,
typex - K,\(llg —.—:T =T =T,
Ctx : type, —,ctx — : Ctx — T — Ctx,

eqg:t—t— Ctx = o,eq 1t —t— Ctx — o,

eqr: T — T — Ctx — o,eqr : K — K — Ctx — o,

term:t — T — Ctx — o, type : T — K — Ctx — o,
—t= —it—=t—oo—[-|=—:t—=t—t—o

whr:t —t—o,proj:t—T — Ctx — o

We use dashes — f— to denote that the function symbol f is used in infix notation.
Formally, we define different symbols, e.g., —;— and — 7— for application of terms
and types respectively. In the rest of this chapter, we will drop the subscript where
the notation is unambiguous. Since the signature of nameless LF is fixed, we keep
it implicit in the encoded representation.

We define a calculus with two kinds of judgements, one for transforming re-
finement problems into goals and the other for transforming signatures into logic
programs. These judgements are defined mutually in a similar way to the well-
formedness judgements of nameless LF in Figures 2.7 and 2.8. We use S;I'; M +
(G | A) to denote the transformation of a term M in a signature S and a context
I' to a goal . The judgement also synthesises a type A of the term M. Similarly,
S;T; A (G| L) denotes a transformation of a type A in S and T to a goal G while

synthesising a kind L.

Definition 5.14
The judgements S;T; M + (G | A) and §;T; A (G | L) are given by inference rules
in Figures 5.2 and 5.3. Metavariables that do not occur among assumptions have

an implicit freshness condition.

The inference judgement for a logic program generation is denoted by S Fpyos P
where S is a signature and P is a generated logic program. A generated logic

program contains clauses that represent inference rules of type theory and clauses

83



14

‘figradoad woyvariapqns se ewrwa] oy} Aq pajejs Ajredoxd o) 0) IoJol oA\ SULI)
POXTW SUIAJIIUSPI 10] SUOTIRALISP d9)S-[[RUIS UIR)(O 0 STl SMO[[® BUIWIS] 9AO(® ST,

0
2|

U'I%Ailg {V}IDQ ‘ N CL‘S’

WiIom v XA'a14 48
e L {Uo (PR N AR
Jo wonyearwop e pue {2} ({{y},0} (=D m))g = 2

JRY) YONs ¢ UOINIIISANS ® 9 WLID) POXIW e ST oIy} ‘uorpdunsse uorjonpur

2|
UOTYRALIOP ® ST 9101} WO, 2 | I

~
[z/A]a:Te

2| i WHD' W) [ X4 08
AL i WHDTO) [TV a4 i PP
CAPR GO 14 VORIV SR AN
. FI T VIO Giolidds UOT}RALIOP ® SI 910U} USYJ, °,2

[T g5, {VHO T4 d s go woneatsp e pue {2} ({{y 1,0} ‘W)o =
R[] YONS g WOIINIIISqNS © 9 WLID) POXIW ® ST 0107} ‘Uorpdurnsse uorponpur o)
2l s VD) [ 14 dts

Aq - — L ;
2l g VW) a4 ae
21 I~Avio 14 as

OLVHA=EVHAIS T AAIS
om0y} w0 ¥ ,0 = V.0 418 pue {2} ({{v },0}% W) = 2 yeus wons
¢ uonnimsqns e pue o UWLIR) POXIW e SI oI197) ‘uoudw{nsse uorjonpur o2y} KE[

210 s VKD 134 a's

O VA=SVHH.IS  I:0418
21 g (VYO [ 14 d08

ol o V02TV LT s
W i, W02 1V X1 4 @930 vonestop e pue {2} ({{V},0}%02)6

= 2 1e(] gons g uormjrisqns e //? W) PaxIll ® ST oIo7)} IIOH(IIIHISS’B uoronp

aders a1[) JO 8 UOIYRALISD B[} J0T] o

UOTJRALIOP © SI

adeys o) JO 9 UOIJRALIOP OY) 19 e

UOTIRALIOP ® ST 91T} ULY[], "9

21 gt (VH0O2 104 408
-ut oy A - a1 I/Aa . oo [ W:Ad4d's 9( UOIJBALIOD 9} 30T o
AP 4 VOB AN
2 g, (WO a4 gty OO TR ORI AL
2| g5, AVHD [ 14 @t go noneartop e pue {2} ({{1},0}502)0 =

JRU} [ONS g UOIMIIISANS ® ¢, 9 WY PIXIW ® ST 9197 ‘uorpdunsse uoronput oY)
2| s VD2 114 2t

Aq -
| {vivoeli44:s
2l d~{vold4d's

0O VA=EVOH.IS I 04dS
e st oty wyl, 0 i g =Vv,e 41 pwe {,2({{v}.0}%02)g = 2 1w

oders o) JO 9 UOIJRALIOD OY) O] e
V 1"9

UOT)RALIDD

01301 9sSNe[)-UIO}] '1°¢

¢8

‘G4 p:—*—‘adhy: yyedhy: pedha ‘N 0N pedha: o | = fadueg

€1°G uontugag

ISMO[[0] S S[OQUIAS ATeSSE00U O1[} SUTRIIOD JRl[} SINJRUSIS O} dUYD URD oM
‘90Ul "O130[ oY) Ul pue dFendur| [euwrojul o) ul uorjesridde pue uonoensqe ‘sodAy
[I 103 XejuAs oures o) doosy om 1999N[D J1}ORIUAS £TLSSOoUUN UR PIOAR 0 IOPIO U]
“(9x0Ju00 ' WOIJ
dIqeLIRA ® JO u0270200.4d ® I0) 9X99U0D ® UL JuasdId ST d[(RIIRA ® JRI[) JOUIP
03 [o.d 9yeotpaid pue SULID) JO UOIJONPAI PRI YLOM 9JOUIP 0 .Lym 9JeIIPaId e
pue
U UHA |7 JO TOTINTSANS JO J[USOT OY) ST 7 JRT[} 930USp 03 7 = [Jy]} osn om
pu® {}/ Jo SUIIys Jo NSl oty St 7 odA) ® Jer[) 9jouop 0 |/ = |}/ sojeorpaid e
‘JX09U0D © Ul POULIOJ-[[oM
st adA} e 10 IR} ® Jey) ‘A[eArioedser ‘ejousp adfi pue wi.ia) seyestpald o) e
"AToA1109dSaT 1X0JU00 ® UT SpuIy Jo Ajenbe pue
‘pury opdwIs ureILd © JO suLL) Jo Ajenbs ojousp ¥bha pur Lba sojeorpaid o) e
)x99u00 & Ul odAY) o[duIls Ure}Ied ® Jo SULIDY) JO A[OATY
-oodsa1 Ayenbo Temjoniys pue oruyjriode ajousp o pue [bo sejeorpaid oyy e
‘sod A} soyyIsse[O et} Puly pojeusIsop & pue UOIjeul
-10] pury pue ad£y 71 ‘worjeoridde ‘uorjoeIlsqe FUTPOOUS I0J S[OQUIAS UOIJOUN] e
‘seotpul UlMmIg sp SUIPOOUS I0J SJURISTOD o
‘T Sso[PuIRU JO S1I0S SUIPOOUD I0] SIURISUOD o
‘“@[NUIIOJ PoYsIyes A[RIALI} ® I0] | JURISUOD e
:oxmbox om ‘remorjred uy c g7
Sso[oWRU JO SHULMASPN( 9podud Jey) O130[ oY) JO 2INYeuSIS A} Ul SJURISUOD d1e IOY)
yey) soxmbor ¢ 103dey) Ul peonpoljul am ey} 9180] ISNRI-UIOH JueAd[al-Joold jo
ogenguel o) Ul 7 SSO[OWRU JO UOIRIUSAIdDI IN() "ULID} POULIO-[[oM © 0} pouyol
9q jouued wa[qoId o1} 9s[o 10 Is1xo mreidold e pue [0S © Io1)0 ‘Wwo[qold juomouyol
® I0] ‘JeT[) 91RIS OM UOI9S 91} JO Puo o1} 1y wreidold d130] © 0jUl 2INJRUSIS © PUL

‘1208 ® OJUI PAULIOJSTIRI) ST SO[([RITRARIOUL 1M ULIDY © MO ure[dXo om ‘UOI00S SIT) U]

weiSoad 21S0] e 01 wajqoid JuswiduYas € Wwolq Z'Z'G

s159YqufG W] pup 2ouduafus 2dfif ¢ 423dDY")



Chapter 3: Proof-Relevant Resolution

This property will play an important role in the proof of soundness of the small-
step semantics as it allows us to proceed by induction on derivations of small-step

judgements. Finally, we state the soundness property of the small-step semantics.

Theorem 3.20 (Soundness)
IfS;PF-|G~-|ethenS;P —e:G.

In the following section, we introduce an extension of Horn-clause logic. The
soundness of the small-step semantics of proof-relevant resolution in Horn-clause
logic is a special case of a more general statement in the following section. Moreover,
a proof of the statement requires a significant development that is carried out in the

next chapter. Hence, we omit the proof here.

3.2 Logic of Hereditary Harrop Formulae

In this section we present the language of hereditary Harrop formulae. The language
is obtained by extending the syntax of definite clauses and goals of Horn-clause logic.

The extended syntax is given in the following definition.

Definition 3.21 (Syntax of goals and clauses)

D>D =A|G=D|Vz:AD clauses

GoG =A|F:AG|D=G|Vz:AG goals

Since we see hereditary Harrop formulae as an extension of Horn clauses we maintain
the convention that the clauses in D are denoted by the identifier D and the goals in
G are denoted by the identifier G. Clauses consist of atomic formulae, implication =,
and universal quantification V over a clause as in in the case of Horn-clause syntax.
However, a goal instead of an atom is allowed on the left side of an implication.
Goals consists of atomic formulae and existential quantification, as in the case of
Horn clauses, and implication and universal quantification over a goal. In contrast

with Horn clauses this definition allows nesting of implications in clauses and goals.
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5.2. Refinement in Nameless LF

A refinement of a term is a pair of assignments (p, R) such that p: 7y, — ¢ is an
assignment of (extended) terms to term-level metavariables and R : 75 — T is an
assignment of (extended) types to type-level metavariables. We define application
of refinement (p, R)(—) to terms, types and kinds by induction on definition of the

syntactic object.

Definition 5.12 (Refinement application)
Let p: 7y — t be an assignment of terms and R : 75 — T be an assignment of types.

Application of the refinement (p, R) to kinds, types and terms is defined by:

(p, R)(type) = type
(o, R)(TA.L) = T1(p, R)(A).(p, R)(L)
(0, B)(a) =
(b, B)(?4) = R(?4)
(p, R)(ITA.B) = 11(p, R)(A)-(p, R)(B)
(0, R)(AN) = (p, R)(A)(p, R)(N)
(0, R)(c) = ¢
(0, B)(1) =1
(p, B)(?a) = p(7a)
(p, R) Az 2 AM) = Az 2 (p, R)(A).(p, R)(M)
(p, R)(MN) = (p, R)(M)(p, R)(N)

A solution to a refinement problem ¢ is a refinement (p, R) such that (p, R)(¢) is a
well-formed term of nameless LF. That is, by Lemma 5.10, (p, R)(t) does not contain

neither term-level nor type-level metavariables.
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Chapter 3: Proof-Relevant Resolution

SP —e:G

S;P,k:D—e:G
S;P,k:D— Ake:D=G

S,c: Ay P — elc/x] - Gle/x]
S;P —e:Vo: AG

Figure 3.7: Right introduction rules

formulae are given by inference rules in figures 3.2, 8.3, and 3.7.

There are no new backchaining inference rules with respect to Horn-clause logic as
the syntactic forms of definite clauses remain the same. New right-introduction rules
that correspond to new syntactic forms of goals are listed in Figure 3.7. Note that
the program is no longer static in the course of resolution but gets extended with new
clauses in the case of a goal in an implicational form. This justifies having program
as a parameter of the judgement and, since we aim to treat different fragments
uniformly, to keep it as a part of the judgement even in the previous section.

We proceed with a demonstration of the use of hereditary Harrop formulae. We

further develop our running example that utilises encoding of natural numbers.

Example 3.25
Let S be the following signature:

S=ua:type,z:a,s:a— a,even:a— o,0dd:a— o

The predicates even and odd are given interpretation by the following program:

P =k, :0dd(z),
Ke V2 : a.oddx = even (sx)

Ko VT @ a.evenz = odd (s x)

We can resolve atomic goals similar to Example 3.9 but we can also resolve hypothet-
ical goals in implicational form. For example, the goalVx : a.evenx = even (s (sx))

is resolved as follows:

54

5.2. Refinement in Nameless LF

variable w in particular. A clause Kpr,;, s used to project the variable w from the
context. Such lenience allows us to avoid excessive technical detail and to postpone
further discussion of the exact shape of the clauses until the next section since it
depends on the de Bruijn representation of variables. We omit clause bodies. denoted
by _, as we did in previous chapters.

For the moment, we are just interested in the computed proof term:

Kelim /{elim;bcol K/p'r‘ojw "{substn

Note that by resolving goal II in Example 5.5, we obtain a substitution 6
that assigns the type A to the logic variable 7p, i.e. 8(7g) = A. At the same
time, the proof term computed by the derivation in Example 5.8 is interpreted as
a solution (elim=, , w) for the term-level metavariable ?,. However, the proof
term can be used to reconstruct the derivation of well-typedness of the judgement
m :maybe, tt,w : tt =pee £f F elim=,, w: A as well. In general, a substitution
is interpreted as a solution to a type-level metavariable and a proof term as a solu-
tion to a term-level metavariable. The remaining solution for 74 is computed using

similar methodology, and we omit the details here.

5.2 Refinement in Nameless LF

Following the ideas we described in the previous section, we present a translation
of a refinement problem into Horn-clause logic with explicit proof terms. First, we
extend the language of nameless LF with metavariables, which allows us to capture
incomplete terms. Next, we give a calculus for transformation of an incomplete term

to a goal and a program.

5.2.1 Refinement problem

We capture missing information in nameless LF terms by metavariables. We assume
infinitely countable disjoint sets 7z and 7y that stand for omitted types and terms
and we call elements of these sets type-level and term-level metavariables respec-
tively. We use identifiers ?,, 73, etc. to denote elements of 7y, and identifiers 74, 75,

etc. to denote elements of 75. The extended syntax is defined as follows:
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Chapter 3: Proof-Relevant Resolution

S;P T [e~T[¢

S;P,k:DFT|C{ .G} ~T"|¢
SPFT|C{D=G)—~T"|é

S,c: AP T | C{Gc/x]} ~T" | é
S;PET|C{Va: AG} ~T"|é

Figure 3.8: Right introduction rules, small-step

Proof. By induction on C} and Cy. The new compatible cases w.r.t. the proof of
Proposition 3.15 are:
o Cy = Ak.Cj and Cy = e. Then é = As.C{{G} and C’ = \x.C}.
o (1 = M:C} and Cy = Ak.C5. Then C{G} = C4{é} and from induction
hypothesis there is unique C” such that é = C’"{G}.
d

The small-step semantics is, as was the case with the big-step semantics, given
by extending right-introduction rules. Since we do not extend syntax of clauses, the
backchaining judgement does not change.

Definition 3.28 (Operational semantics, small-step)
~ €D

The judgements S;P =T | é~T"| ¢, and S;P FT | é ~" 1" | € are given by

inference rules in Figures 3.4, 3.5, and 3.8.
The small-step semantics posses subderivation property (Lemma 3.19).

Lemma 3.29 (Subderivations)

1. If §;P =T | C{é} ~ T | € then there is a mized term é" and a substitution
0 such that & = (0C){€"} and S;P T |é~T|é&"

2. IfS;P FT | Cfe} 8
0 such that & = (0C){e"} and S; P FT | é “afip

¢’ then there is a mized term €' and a substitution

é//

Proof. By simultaneous structural induction on the derivation and the rewriting
context. We list only new cases w.r.t. Lemma 3.19.

Part 1
S;P, ' i DFT | Ae.Ci{\w .G} ~T"| &

S;P T | A.Ci{D =G} ~T"|¢
induction assumption, there is a mixed term é”, a substitution € such that

e Let the derivation be By the
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5.1. Example by Resolution

The unifiers that are computed by proof-relevant resolution give an assignment
of types to type-level metavariables. At the same time, the computed proof terms

are interpreted as an assignment of terms to term-level metavariables.

Example 5.6
Assuming the term N w : ?4).7y is of type (tt =poor £f) — A, type checking places

restrictions on the term 7:

m :maybe, tth tt =01 £f : type m :maybe, tt,w:tt=peen ffFH 75 A
m :maybey tth A(w: tt =poor ££).7p : tt =poor £f — A

That is, 7y needs to be a well-typed term of type A in a context consisting of m and
w. When resolving the computed goal, 7, will be bound to a proof term that we use

to extract the required term.

Our translation will turn this constant into a clause in the generated logic pro-
gram. Additionally, our translation will include clauses that describe inference rules

of the type theory of the internal language.

Example 5.7
Recall that in the signature there is a constant elim=, , of type tt =poo1 £f — A.
There will be a clause that corresponds to the inference rule for elimination of a

IT type as well:

Kelin,,, @ term elim=,

(Tl : tt =poor £ . A) 7 <=

Kevim : term Py In 7570 < term Ty (M : 74.75/) 7

/\term?N 7A ?I‘ /\?B’[(-]N/T/} = ?B

In these clauses, 7y, In, T4, 75, 75 and 7r are logic variables, i.e. variables of the

Horn-clause logic.

By an abuse of notation, we use the same symbols for metavariables of the inter-
nal language and logic variables in the logic programs generated by the refinement

algorithm. We also use the same notation for objects of the internal language and

rd
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Chapter 3: Proof-Relevant Resolution

~ o | MegKe (Ko Kz

. | )\Hm./{e (Kja (6’0671, C)M::evenc)

We conclude this section by statement of soundness of the small-step semantics.
However, as we saw in Example 3.18, small-step semantics does not necessarily
produce judgements with empty context on the right of ~». We can relax this
condition and allow an arbitrary context I'. It is then necessary to transform goals
of the big-step semantics. In order to do so, we introduce a notion of universal

quantification with a variable context.

Definition 3.31

Ve .G =G

Vo, z: A).G =Vl (Vo : A.G)

We call this transformation a generalisation of a goal with a context. Finally, we
state the soundness property for small-step semantics of proof-relevant resolution in

the logic of hereditary Harrop formulae using generalisation.

Theorem 3.32 (Generalised soundness)

IfS;PF-|G~TlethenS;P — e: Vel .G

Our proof of the theorem requires further technical development. In particular,
we need to develop a notion of logical relation for mixed terms. Logical relation
will allow us to reason on intermediate subderivations of the big-step and the small-
step semantics by structural induction and to guarantee that such subderivations
are well-formed. We devote the following chapter to development of the logical
relation and a proof of the above statement will constitute the main result of the

next chapter.

3.3 Related Work

The big-step semantics we present in this chapter is based on the semantics of uni-
form proofs (Miller et al., 1991) and AProlog (Miller and Nadathur, 2012). However,

unlike our work, the work of Miller et al. is carried out using only simple types, which
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5.1. Example by Resolution

A : type
bool : type
ff tt : bool

(=poo1) : bool — bool — type
refl : TI(b:bool) . b =poor b
elim—=, ,: tt =poor ff — A

maybe, : bool — type
nothing : maybe, ff
just : A — maybe, tt

elimpaybes : 1I(b:bool) .maybey b
— (b =poo1 ff — A)
— (b =poor tt — A — A)
— A

Figure 5.1: Signature for encoding fromJust

not contain all the information required by the type theory of the internal language
and that this information needs to be inferred, preferably by an automated tool and

without any human intervention.

Example 5.3
The function fromJust is encoded as follows:
tirommst <= A (m:imaybey tt).eliMuybes tt m

A W:tt=poor ff).elim=,,, w)
(N W:tt=poortt) . N (x:4).2)

The missing case for nothing must be accounted for (cf. the line (A (i:tt=poo1ff

).elime,, ,w) above).

We allow for explicit working with the information that is missing in the external
language by extending the internal language with term level metavariables, denoted
by 7., and type level metavariables, denoted by 7 4. These stand for the parts of a

term in the internal language that are not yet known.

Example 5.4

Using metavariables, the term that directly corresponds to fromJust is:

terommust <= A (m:maybey tt).elimmypes 7o M
AN (w: 74 ). )
N (w: 8 ).\ (x:4).x)
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Chapter 3: Proof-Relevant Resolution

classes of sequents are conservative over intuitionistic or minimal logic. Recently,
Negri (2016) generalised Orevkov’s results using proof-theory. Proof-theoretic treat-
ment of such results is at the basis of uniform proofs— the relation between prov-
ability in classical, intuitionistic and minimal logic for uniform proofs was studied,
among others by Miller et al. (1991) and Ritter et al. (2000a). A motivation for such
study was applications to proof-search in intuitionistic logics and to type-theoretic
analysis of search spaces in classical and intuitionistic logics (Ritter et al., 2000b).
This work is also to the best of our knowledge the origin of the notion of proof term

in the sense we use it.
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5  Type Inference and Term Synthe-

SIS

In this chapter, we demonstrate a use of proof-relevant resolution for the purpose of
type inference and term synthesis in type theory. We make use of nameless LF as
the language that is subject to type inference and term synthesis. The approach we
present in this section consist of a preprocessing phase from nameless LF to a logic
program and a proof-relevant resolution phase in the Horn-clause logic of the pro-
gram. Then, solutions provided by the resolution phase are interpreted in nameless
LF. In this chapter, we first explain the system by means of a detailed example, then
we present formal description and discuss decidability of the preprocessing phase and

soundness of the interpreted solutions.

5.1 Example by Resolution

In this section, we give a detailed example that combines preprocessing in a verified
manner with the use of proof terms as a medium for communication with an external
automated prover. We describe an algorithm that reduces type inference and term
synthesis in type theory with dependent types to resolution in proof-relevant Horn-
clause logic. In our description, we rely on an abstract syntax that closely resembles
existing functional programming languages with dependent types. We will call it

the surface language.

Example 5.1

In the surface language, we define maybe,, an option type over a fized type A, indexed
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Chapter 4: Soundness

S:PT ER. 6.4 SP.T—cé:D
S;P;I' —cé: A

S;P;I' —cé:GM/z] S;TEM:A
S;P;T —c (M,é) : 3z : AG

S;P,k:D;I' —cé: G
S;P;I' —cXkée:D=G

S,c: A;P;T —¢ éle/x] : Glc/x]
S;P;T —cé:Vo: AG

SEP SETD
S;P;I' —cA: A

S;P; —céy:éo S;I"+6:T
S;P;T —¢ (0é) &1 : ééy

S; P —céy:éo S;I"+6:T
S;P:iT —e (OM, 1) : (M, és)

S;P; T —céy:éa
S;P;T —¢ Ak.é1 1 Ak.6o

Figure 4.1: Logical relation, judgement S; P;T" —¢ é: €

Definition 4.1 (Logical relation)
The judgement S; P; T —¢ é : €', the judgement S; P;T L?C é: A, and the judge-
ment S; P;T' —¢ € : D are given by inference rules in Figures 4.1, 4.2, and 4.3.
If we can form a judgement of logical relation for mixed terms é and é', we say that
the mixed terms are logically related.

Similarly to the well-formedness judgements of the underlying term language,

the logical relation possesses syntactic validity:
Proposition 4.2

o IfS;P;I" —cé:¢ then SEHP.

é1:D  ~

o IfS;P;I" =—=cé:¢ then SEP.
o IfS;P;I' —cé: D then S+ P.

Proof. By simultaneous induction on derivations of the assumptions using implicit

62

4.4. Related Work

Corollary 4.15 (Generalised soundness)

IfS;PET|G~T"|ethen S;P — e: VI'.G.

Proof. Follows from the Fundamental Theorem (4.12) by generalisation (Lemma

4.14) and Escape Lemma (4.11). O

Let us conclude this chapter by recovering the notion of an answer substitution.
Note that we can collect the substitutions that are computed in the initial sequent
of the small-step resolution and compose the collected substitutions along the small
resolution steps. Then, for a judgement S;P FT | G~ T" | e, the composed
substitution ¢ is a mapping from variables in context I' to terms that are well-
formed in context I" and since the partial substitutions are well formed also o is

well formed, i.e. S;T o : T

4.4 Related Work

The proof of soundness in this chapter is carried out using a logical relation. The
proof technique was originally introduced by Tait (1967) and used for proving strong
normalisation of the simply typed lambda calculus. Initial application of logical
relations include the proofs of strong normalisation for System F (Girard, 1972) and
strong normalisation of Calculus of Constructions (Geuvers, 1994).

Logical relations has wide applications in programming languages research be-
sides proofs of strong normalisation. Generally, these applications fall in two broad
categories: type safety (Birkedal and Harper, 1999) and equivalence of programs
(Dreyer et al., 2009, Pitts, 2000). Our use of logical relation that is relating two
mixed terms is inspired by the use of logical relation for reasoning about program
equivalence. A work that is relevant to our development in particular is the use of
logical relations for mechanisations of metatheory of LF (Cave and Pientka, 2018,
Urban et al., 2011). Logical relations has been also successfully applied to higher or-
der type theory (Abel et al., 2018). These results provide a promising starting point
for both mechanisations of results in this chapter and for extending these results

beyond a first order type theory.
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Chapter 4: Soundness

syntactic validity (Theorem 2.13). O

Further, judgements of the logical relation can be weakened with a new constant
assuming that the new constant and its type or kind maintains well-formedness of

the signature:

Lemma 4.3 (Weakening of signature)

1. If§1,82;P;T —¢ce:Gandt Sy,c¢: A, Sy then S1,¢: A, So; P; T —ce: G.

2. If 51,8, P;T S%ZDC e: G andt Sy,c: A, Ss then
e1:D

ShCZA,Sz;P',F —)cEZG‘
8. IfS1,82;P;T —sce: Dandk Sy,c: A, Sy thenS1,¢: A, So; P; T —sce: D.

Proof. By simultaneous structural induction on derivations of the first assumptions
using Propositions 3.5 and 2.14 and syntactic validity of the logical relation (Propo-
sition 4.2).

O

Similarly, judgements of the logical relation can be weakened with a new program

clause as long as this clause maintains well-formedness of the program.

Lemma 4.4 (Weakening of program)

o IfS;Py,Py;T' —3¢cé:¢ and S+ Py, : D, Py then
S;P1,k: D, Pyl —scé: €.

o IFS; P, PoT 28 6:¢ and S+ Pi,k: D, Py then
S;Pi,k:D, Pyl 26 61 ¢.

o IfS;P1,Po;T' —¢cé:D and SEPy,k: D, Py then
S;Pi,k: D, Py;I' —¢cé: D.

Proof. By simultaneous structural induction on derivations of the first assumptions
using syntactic validity of the logical relation (Proposition 4.2), syntactic validity
of programs (Proposition 3.4) and implicit syntactic validity (Theorem 2.16, Part

1). 0

The logical relation is stable under substitution over a program:

64

4.2. Fundamental Escape

Theorem 4.12 (Fundamental)
Let S;THG:o.
1. IfS§;P T |é~T"| ¢ then S;P;TY —c é : é.

2. IfS;P T | e 40TV ¢, and S;P;T —sc é1: D+ then S;P;T" 2. ¢ e

Proof. By simultaneous structural induction on derivations of the judgements.
Part 1

K:D .
« Let the derivation be SiP FT[A~T[ée Using Part 2 of the lemma
S;PET|A~T|é

we have S; P; T” LE)’C é : A. From implicit syntactic validity (Proposition 4.2)

and from lifting (Lemma 4.7) thus follows S; P;T" —¢ é: A.
. . - / A1
SPrLz:A|C{za}~T"|é . By Lemma 3.29,
S;PEHT|C{3x: AG}~T"|¢
we obtain S;P FT,x: A|é~1"1]¢é and ¢ = C'{(M,é")}. By induction

e Let the derivation be

sl

hypothesis we have S;P;T" —¢ ¢” : é. Thus using lifting (Lemma 4.7), it

follows that S; P; IV —¢ € : C{3x : A.G}.
. . 5 / s
SiPh: DD C{)\/f'e} ~T A‘ c. By Lemma 3.29,
SSPHT|C{D=¢é}~T"|¢
we obtain S;P FI'| Ak.é ~ IV | ¢ and & = C'{Ax.¢"}. By induction hy-

e Let the derivation be

sl

pothesis we have S; P; IV —¢ é

4.7) that S; P; TV —¢ ¢ : C{D = é}.

S;P,k:DET | C{e}~T"]¢
S;PEHT|C{Vx:Aé}~T"|¢
and the induction hypothesis, S;P FT | é ~T" | & and also & = C'{¢"}.

Thus, using lifting (Lemma 4.7) we have S; P; IV —¢ C'{¢"} : C{Vz : A.é}.
Part 2

e Let the derivation be

: Ak.€. Thus, it follows from lifting (Lemma

e Let the derivation be By Lemma 3.29

S;I"FoA=0A":0 SEP

é:A

SPrT AT

Then the desired

e

judgement S;P;T” ﬂéc é: A follows from lifting (Lemma 4.8) straightfor-
wardly.
. EALD |
 Let the derivation be SP T C{A}’.AW DF K . By Lemma 3.29 and
S;P D | C{AY 571 ¢

the induction hypothesis we obtain S;P HT' | A e v | & and & =

C’{é"}. Using the induction hypothesis and the implicit syntactic validity of

program for logical relation (Proposition 4.2), we obtain S;P;I” R e A
Hence, by lifting (Lemma 4.7) we obtain S; P; I —¢ &' : C{A}.

S;P Tz A | C{A} L | ¢
S;P FT | Cf{A} P &

e Let the derivation be

. By Lemma 3.29,
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Chapter 4: Soundness

Proof. The proof of each part of the lemma proceeds by induction on the rewriting
context C'. Base cases for C' = e follow as the appropriate inference rules. Remaining
cases for C' = ¢éé', C = (M,é), and C = Ak.¢ follow by the appropriate inference

rule and the induction assumption. O

We prove lifting also for the judgement S;P; I’ 6;>Dc é:

Lemma 4.8
Let S;T'F6:T.
1. If §;TFoA=0A":0, and §;P;T —¢ € : D' then
S PT L8, cfe'} - C{A}.
2. IfS;P;T —s¢ &1 Ay and S;P;T S50 ¢ ¢ then §;P;T “25 ¢ ¢,
3 IS P08 6 and S;T - M : A then S;P;T 9P 6 o,
4SO ER e nd ST M : A then
S;PiT 5P (00){ey - c{e'y.

Proof. The proofs of parts 1. and 4. of the lemma proceed by induction on rewriting
context C'. Base cases for C' = e follow as the appropriate inference rules. Remaining
cases for C' = éé', C = (M,é), and C = Ak.¢ follow by the appropriate inference
rule and the induction assumption. Part 4. uses part 3. in the base case.

The proofs of parts 2. and 3. of the lemma proceed by induction on the mixed
term é. Base cases for ¢ = G follow as the appropriate inference rules. Remaining
cases for C' = ¢é', C = (M,é), and C = Ak.¢ follow by the appropriate inference

rule and the induction assumption. O

The proof of soundness depends on the fact that we can escape the logical relation
if it is established for a proper proof term (i.e. not a mixed term). Before showing
the appropriate lemma, we state an auxiliary property:

Proposition 4.9
é1:Dq

Let e € PT be a proof term. If S;P;I' =S¢ e: A then é; is a proof term, i.e.
é; € PT.

Proof. By structural induction on derivation of the judgement.

 Let the case be S:P:T e A Then e € PT follows from assumptions.
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4.2. Fundamental Escape

S;’P;F—n;él:Al S"Plrgcfg AQ
é:A1=D

S;P;I "¢ ey Ay
duction hypothesis, é¢é; € PT. Hence ¢ € PT.

e Let the case be . From the in-

&:D[M/a) ) ..
« Let the case be SiPil ——c ea:dy  SPEM:A1 ey e pT
S;P;T “ W—Afc €91 As
follows from the induction hypothesis.
O

Finally, we make use of the following lemma that allows us to lift an annotated
judgement of the logical relation to a judgement without annotation assuming that
the judgement is formed for a proper proof term, an atomic goal, and that the
annotating proof term and clause are well-formed.

Lemma 4.10
Let e € PT be a proof term. If S;P;T L?C e: A and S;P;I' —c ey : D then
S;P;I' —ce: A

Proof. By structural induction on the assumption using Proposition 4.9 and substi-

tutivity of the logical relation (Lemma 4.6). O

4.2 Fundamental Escape

In this section, we state and prove two main properties that are necessary for estab-
lishing soundness of the small-step operational semantics. The escape lemma allows
us to escape from a judgement of logical relation for a proof term and a goal to a
judgement of the big-step operational semantics. The fundamental theorem allows
us to establish that two mixed terms are logically related if there is a derivation of
the small-step operational semantics for them.

We follow the order in which we introduced operational semantics and we state

the escape lemma first:

Lemma 4.11 (Escape)
Let e € PT and ey € PT be proof terms.
1. If §;P;- —ce:G then ;P — e : G.
2. If §;P;- ﬂg};e G and §;P;- —¢c ey : Dy then S;P B g
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