
Proof-RelevantResolution
TheFoundationsofConstructiveProof

Automation

FrantišekFarka

Submittedforthedegreeof

DoctorofPhilosophy

Heriot-WattUniversity

DepartmentofComputerScience,

SchoolofMathematicalandComputerSciences.

May,2019

Thecopyrightinthisthesisisownedbytheauthor.Anyquotationfromthethesis

oruseofanyoftheinformationcontainedinitmustacknowledgethisthesisasthe

sourceofthequotationorinformation.



Index

resolution

proof-relevant Horn-clause, 6

rewriting context, 45, 55

semantic operator, 24

semantics, see operational semantics

shifting, 29

signature, 13

nameless, 28

simple, 31

substitution, 14, 30

application, 14

composition, 15

grounding, 14

of mixed terms, 46

simultaneous, 14

term, 11

first-order, 22

nameless, 28

nameless extended, 80

term constant, 28

type, 11

nameless, 28

nameless extended, 80

simple, 31

type class, 5, 98

type class instance, 5, 98

type class method, 5

type class resolution, 5, 105

corecursive, 112

extended, 107

extended corecursive, 117

type constant, 11, 28

type inference, 1

unifier, 98

universe

Herbrand, 23

validity, 26

implicit syntactic, 18

variable, 11

bound, 12

existential, 19

free, 12

well-formedness

of clauses, 20

of goals, 20

of kinds, 15, 33

of programs, 39

of terms, 15, 33

of types, 15, 33

143



Abstract

Dependenttypetheoryisanexpressiveprogramminglanguage.Thislanguage

allowstowriteprogramsthatcarryproofsoftheirproperties.Thisinturngives

highconfidenceinsuchprograms,makingthesoftwaretrustworthy.Yet,thetrust-

worthinesscomesforaprice:typeinferenceinvolvesanincreasingnumberofproof

obligations.

Automationofthisprocessbecomesnecessaryforanysystemwithdependent

typesthataimstobeusableinpractice.Atthesametime,implementationofau-

tomationinaverifiedmannerisprohibitivelycomplex.Sometimes,externalsolvers

areusedtoaidtheautomation.Thesesolversmaybebasedonclassicallogicand

maynotbethemselvesverified,thuscompromisingtheguaranteesprovidedbycon-

structivenatureoftypetheory.Inthisthesis,weexploretheideaofproofrelevant

resolutionthatallowsautomationoftypeinferenceintypetheoryinaverifiableand

constructivemanner,hencetorestoretheconfidenceinprogramsandthetrustwor-

thinessofsoftware.

Technicalcontentofthisthesisisthreefold.First,weproposeanovelframe-

workforproof-relevantresolution.Wetaketwoconstructivelogics,Horn-clause

andhereditaryHarropformulaelogicsasastartingpoint.Weformulatethestan-

dardbig-stepoperationalsemanticsoftheselogics.WeexposetheirCurry-Howard

naturebytreatingformulaeoftheselogicsastypesandproofsastermsthusde-

velopingatheoryofproof-relevantresolution.Wedevelopsmall-stepoperational

semanticsofproof-relevantresolutionandproveitsoundwithrespecttothebig-step

operationalsemantics.

Secondly,wedemonstrateourapproachonanexampleoftypeinferenceinLog-

icalFramework(LF).Wetranslateatype-inferenceprobleminLFintoresolution

inproof-relevantHorn-clauselogic.Suchresolutionprovides,besidesananswer

substitutiontologicvariables,aprooftermthatcapturestheresolutiontree.We

interprettheprooftermasaderivationofwell-formednessjudgementoftheob-

jectintheoriginalproblem.Thisallowsforastraightforwardimplementationof

typecheckingoftheresolvedsolutionsincetypecheckingisreducedtoverifyingthe
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derivation captured by the proof term. The theoretical development is substantiated

by an implementation.

Finally, we demonstrate that our approach allows to reason about semantic prop-

erties of code. Type class resolution has been well-known to be a proof-relevant frag-

ment of Horn-clause logic, and recently its coinductive extensions were introduced.

In this thesis, we show that all of these extensions amalgamate with the theoretical

framework we introduce. Our novel result here is exposing that the coinductive

extensions are actually based on hereditary Harrop logic, rather than Horn-clause

logic. We establish a number of soundness and completeness results for them. We

also discuss soundness of program transformation that are allowed by proof-relevant

presentation of type class resolution.
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βη-conversion, 17
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1Introduction

QualvaghezzadiLauro?qualdiMirto?

Povera,enudavai,Filosofia,

Dicelaturbaalvilguadagnointesa.

Pochicompagniavraiperl’altravia;

Tantotipregopiù,gentilespirto,

Nonlassarlamagnanimatuaimpresa.

—FrancescoPetrarca,SonettoVII.

Dependenttypetheoryisanexpressiveprogramminglanguage.Thislanguage

allowstowriteprogramsthatcarryproofsoftheirproperties.Thisinturngives

highconfidenceinsuchprograms,makingthesoftwaretrustworthy.Yet,thetrust-

worthinesscomesforaprice.Typingrulesraiseanumberofproofobligations.

Automationofthisprocess,which,forthesakeofsimplicity,werefertoas

typeinference,becomesnecessaryforanysystemwithdependenttypesthataims

tobeusableinpractice.Atthesametime,implementationoftypeinferenceina

verifiedmannerisprohibitivelycomplex.Sometimes,externalsolversareusedto

aidit.Thesesolversmaybebasedonclassicallogicandmaynotbethemselves

verified,thuscompromisingtheguaranteesprovidedbytheconstructivenatureof

typetheory.Inthisthesis,weexploretheideaofproofrelevantresolutionthat

allowsbothtocarryouttypeinferenceinaverifiablemannerandreasonabout

semantics,hencetorestoretheconfidenceinprogramsandthetrustworthinessof

software.
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Chapter 1: Introduction

1.1 Constructive Logic and Type Theory

First, we briefly mention the development of thought that leads to the general area

in which lies the subject of this thesis starting with mathematical and philosoph-

ical origins. In the course of the 20th century, a new, normative point of view

on what constitutes acceptable methods and objects of mathematics emerged—

constructivism. This point of view originated as an opposing reaction to the use of

highly abstract proof methods in works of, e.g., Cantor and Dedekind. The original

characterisation of constructivism was the appeal to proof methods that construct

the objects of concern (hence the name). Alternatively, constructivism can be char-

acterised by insisting on proof methods that compute the objects of concern (Troel-

stra, 1991). Theorems that state properties of certain objects give us means to con-

struct, or compute, properties of these objects. Constructivist agenda in the form of

Brouwer’s programme led to development of intuitionistic logic. Heyting (1934) and

Kolmogorov (1932) formalised intuitionistic logic and developed Brouwer-Heyting-

Kolmogorov (BHK) interpretation of intuitionistic logic—a proof of implication is

interpreted as a construction that transforms a proof of implicant into a proof of

conclusion, negation is treated as an abbreviation for a construction that from a

proposition absurdity follows.

The intuitionistic reading of proof in BHK interpretation is closely related to the

notion of propositions–as–types (cf. Wadler, 2015). Curry was the first to suggest

that a proposition in implicational form can be understood as a type of functions.

Howard (1980) refined this idea with the observation that proof simplification can

be understood as function evaluation. This is now referred to as Curry-Howard

interpretation of proofs. Since early 70’s, the idea of types has been a driving

force behind an important part of computer science and propositions–as–types were

providing a tight coupling between constructive mathematics and computer science.

Martin-Löf (1972), directly inspired by Howard’s ideas, introduced the Intuitionistic

theory of types as a precise symbolism for constructive mathematics, and the notion

of a dependent type, a type of objects that depend on proofs. However, he also

explicitly linked constructive mathematics to computer science by regarding his

intuitionistic theory of types as a programming language (Martin-Löf, 1982). In the

2
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1.2.TrustworthinessofAutomation

followingtwodecades,intuitionistictypetheoryfoundapplicationsininteractive

theoremprovers,orproofassistants,likeCoqorAgda(Norell,2007),orthegeneral

purposeprogramminglanguageIdris(Brady,2013).

AroundthesametimeasMartin-Löfwasworkingonhistheoreticaldevelop-

ments,Milnerwasutilisingtheideaoftypesforaverypracticalpurposeintheform

ofthetheoryoftypepolymorphisminprogramminglanguages(Milner,1978).He

coinedthesloganthat“well-typedprogramscannot‘gowrong’”.Heconnectedhis

worktoHindley’sprincipaltypeschemesincombinatorylogicandobservedthata

languagethatistobepracticallyusefulrequirescertainamountofautomatedrea-

soning.ResultingHindley-Milnertypeinferencealgorithmforlambdacalculuswith

parametricpolymorphismwasusedintheMLprogramminglanguageandstrongly

influencedtheareaoffunctionalprogramming.ML’ssuccessorsincludecommer-

ciallysuccessfullanguageslikeOCamlandHaskell.Theideathatprogramsshould

not“gowrong”gaverisetolanguageswithexpressiveandpowerfultypesystems.

Suchtypesystemsallowtopreciselyencodeinvariantsofprogramsintypesand

specifywhatitmeansnotto“gowrong”.Anexampleoflanguagesthatoriginate

inHindley-MilnertraditionandfeatureapowerfultypesystemareDependentML

(XiandPfenning,1999)andDependentHaskell(Weirichetal.,2017).

1.2TrustworthinessofAutomation

SincetheinitialstepstakenbyMilnerintheformofautomationoftypeinferencefor

parametricpolymorphism,automatedreasoninghasfoundaplethoraofapplications

intypesystems.First-orderresolutionisanexampleofautomatedreasoningthat

canbetracedtoHindley-Milnertypeinference.Typeinferenceinsimplytyped

lambdacalculus(λ→)canbeexpressedasafirst-orderunificationproblem.A

generalframeworkforHindley-MilnertypeinferenceHM(X)wasdevelopedby

Oderskyetal.(1999)andlaterformulatedintermsoflogicprogramming(Sulzmann

andStuckey,2008).Forexample,therulefortermapplicationinλ→

Γ`M:A→BΓ`N:A
App Γ`MN:B

givesrisetoatypeinferenceproblemthatcanbeencodedbythefollowingHorn

clause:
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Chapter 1: Introduction

type(Γ, app(M,N), B)← type(Γ,M,A→ B) ∧ type(Γ, N,A)

Given a term E, the query type(Γ, E, T ) infers a type T in a context Γ such that

the typing judgement Γ ` E : T holds. In recent years, the idea of relational type

inference has been taken further by a relational, embedded domain specific language

(DSL) miniKanren (Hemann et al., 2016). The DSL supports a range of functional

languages like ML, Rust, Haskell and many other non-functional languages. As

Ahn and Vezzosi (2016) point out, a relational language is a very convenient device

for encoding of type inference problems. However, automation of type inference

in dependently typed languages represents a more substantial challenge. Most de-

pendently typed languages incorporate a range of algorithms that automate various

aspects of type inference (cf. Pientka, 2013). One approach is using reflection into

underlying abstract syntax tree representation of the language (cf. Slama and Brady,

2017) to employ automation there. In some cases, the algorithms are similar to first-

order resolution (Gonthier and Mahboubi, 2010), in other cases, e.g. Liquid Haskell

(Vazou et al., 2018) and F*, languages incorporate external Satisfiability Modulo

Theory (SMT) solvers like the Z3 Theorem Prover (de Moura and Bjørner, 2008).

The use of external solvers constitutes a dissent from constructivist ideas that

initiated the interest in expressive type systems. As an example, consider that

an external SMT solver is not verified and a bug may result in a wrong answer.

Moreover the solver uses classical logic and the computed results need not be valid

intuitionistically. In either of these two situations, soundness of type inference is

compromised. That is, there are programs that are accepted by the type checker

despite the fact that these programs cannot be shown well typed in the metatheory.

The issue of trustworthiness of a computer system is well-recognised in the com-

munity (Barendregt and Barendsen, 2002). A general approach, called autarkic or

skeptical, is for such a system to provide a machine checkable witness, a proof term,

of correctness of the result (Appel et al., 2003). Stump (2009) did an early study

of such proof-checking for SMT solvers and autarkic approach is a basis for SMT

solving in, e.g., Coq (Armand et al., 2011). Despite these results, there is no firm

consensus in the community on the rigour of implementation of the language. This

research area still remains very active and presents challenging problems (Schubert

4

7.2. Future Work

malised proof of normalisation for dependent type theory using a proof-relevant

logical predicate, a merge of presheaf model with logical relation. Moreover, the

terms are presented as well-formed, using inductive-inductive types. We believe

that the methodology of our framework can be successfully applied to proof search

in the theory of the said logical predicate while obtaining proof terms witnessing

well-formed terms.
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1.2.TrustworthinessofAutomation

andUrzyczyn,2018,Vazouetal.,2018).Nextwediscussanapplicationofproof

termsintypeinferenceindetail.Werefertotheapproachthatemploysproofterms

asproof-relevant.

1.2.1Type-classresolution

Typeclassesareusedtoimplementad-hocpolymorphismandoverloadinginpro-

gramminglanguages.TheapproachoriginatedinHaskell(Halletal.,1996,Wadler

andBlott,1989)andhasbeenfurtherdevelopedindependentlytypedfunctional

languages(DevrieseandPiessens,2011,Gonthieretal.,2011)aswellasinobject-

orientedlanguages(d.S.Oliveiraetal.,2010,Gregoretal.,2006).Typeclasses

introducesyntaxthatallowstospecifyanewclassoftypes,equipitwithcertain

methods,andprovideimplementationsofthesemethodsforparticulartypes,hence

makingthesetypesmembersoftheclass,inacompositionalway.Theimplemen-

tationsarecalledinstances.WeillustratetypeclassmechanismusingHaskell.

Example1.1(Farkaetal.(2016),Fuetal.(2016),Halletal.(1996))

Itisconvenienttodefineequalityforalldatastructuresinauniformway.In

Haskell,thisisachievedbyintroducingtheclassEq:

classEqawhere

eq::a→a→Bool

andthendeclaringanynecessaryinstancesoftheclass,e.g.forpairsandintegers:

instance(Eqx,Eqy)⇒Eq(x,y)where

eq(x1,y1)(x2,y2)=eqx1x2&&eqy1y2

instanceEqIntwhere

eqxy=primitiveIntEqxy

Thedistinguishingfeatureisthatinstancesaredefinedseparatelyfromusesites

ofmethods.Type-classresolution1isthenusedtoinferapropercompositionof

instances,whilehidingthetechnicaldetails.Theautomatedmechanismcreatesan

internalobject,adictionary,thatdescribeshowtocomposeinstancesinorderto
1Properly,thenameshouldbetypeclassinstanceresolutionasitisinstancesthatarebeing

resolved.Wewillfollowthecommonpracticeandomitthereferencetoinstances.

5
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basisforefficientproofsearch.

7.2.2Elaborationofprogramminglanguages

AnaturalextensionofourworkontypeinferenceandtermsynthesisinLFencom-

passesextendingthelanguagewithmorelanguageconstructs.Tosomeextent,we

alreadydidthisinourdescriptionoftypeclassresolution.Theproof-relevanttreat-

mentoftypeclassresolutionandtheresultingproofterm,ordictionary,represents

arudimentaryformofelaboration.Combiningthetwosystemsisstraightforward

andresultsinafirstorderlanguagewithdependenttypesandtypeclasses.Asys-

temthatistoaddressrealisticlanguagesneedstosupportelaborationoffeatures

likeΣ(record)typesoramodulesystem,andhigherordertermlanguage.The

former,namelyΣtypes,canbealreadysupportedinourframeworkbyextending

theinternallanguage.Amodulesystemcanbeincorporatedusinganappropri-

aterepresentation(cf.MillerandNadathur,2012).Higher-orderelaborationwas

exploredbydeMouraetal.(2015)intheLeantheoremprover.Webelievethat

refinementforhigherordertypetheorycanbepresentedinasimilarwayusingour

framework.

7.2.3Coinductivesemantics

Coinductivesemanticsingeneraladmitspotentiallyinfinitedatastructures,e.g.

streams.Theframeworkinthisthesisallowsforproof-searchincoinductiveset-

tingsandprovidescoinductiveproofterms.Webelievethatourframeworkcan

beeffectivelyappliedintheformaltreatmentofconcurrentanddistributedpro-

grams.Apromisingapplicationofthistechniqueissessiontypesforconcurrency

anddistribution(e.g.Castroetal.,2019).Further,coinductivereasoningadmits

mutualinterleavingofinductiveandcoinductivestructures.Wewouldliketoinves-

tigateproof-relevantinductive-coinductivereasoningformodellingofinterleaving

sequentialandconcurrentcomputation,andlocalanddistributedcomputationus-

ingdependentlytypedlanguage.

Theuseofproof-relevantmethodsindependentlytypedlanguagespromises

tomaintainclosecorrespondencebetweentransformationsofsyntaxandlanguage

semantics.Recently,AltenkirchandKaposi(2017)carriedouta(partially)for-
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Chapter 1: Introduction

execute the type class method in the use site.

Example 1.2 (Farka et al. (2016))

For example, it is required that Eq (Int, Int) is a valid instance of type class Eq in

order to type check the following function:

test : : Eq (Int, Int) ⇒ Bool

test = eq (1,2) (1,2)

The function test type checks since a comparison of pairs of integers can be simplified

into a comparison of integers using the first instance in Example 1.1. Comparisons

of integers are than carried out using the other instance.

The initial work (Hall et al., 1996, Jones, 1994, Peyton Jones et al., 1997) on type

classes focused on practical design of the language feature. This work did not make it

explicit that type class resolution resembles SLD-resolution that is known from logic

programming although it had been a long-standing folklore (cf. Farka et al., 2016).

Fu and Komendantskaya (2017) extended the connection further: the constructed

dictionary is an instance of a proof term and type-class resolution can be treated as

an employment of proof-relevant Horn-clause resolution.

Example 1.3 (Farka et al. (2016), Fu et al. (2016))

The type class instance declarations in Example 1.1 can be viewed as the following

two Horn clauses that are annotated with atomic symbols κpair and κint:

κpair : eq(x), eq(y) ⇒ eq(pair(x, y))

κint : ⇒ eq(int)

Then, given the query eq(pair(int, int)) that corresponds to requirement Eq (Int

, Int) in Example 1.2 SLD-resolution terminates successfully with the following

sequence of resolution steps:

6
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7.1.3 Type class resolution

In our syntactical analysis of type class resolution, we addressed three research ques-

tions. First, we provided a uniform analysis of type class resolution in both inductive

and coinductive settings and proved it sound relative to (standard) least and great-

est Herbrand models. Secondly, we demonstrated, through several examples, that

coinductive resolution is indeed coinductive—that is, it is not sound relative to least

Herbrand models. Thirdly, we showed completeness relative to least Herbrand mod-

els in the inductive case and a lack thereof relative to greatest Herbrand models in

the coinductive case. Finally, we asserted that the methods listed in this thesis can

be reapplied to coinductive dialects of logic programming via soundness preserving

program transformations.

A feature of our analysis is the choice of greatest Herbrand models instead of

greatest complete models for coinductive analysis that is allowed by properties of

type class resolution. We discussed how constrains that are laid upon type class

instances allow such choice.

7.2 Future Work

7.2.1 Foundations of proof search

The underlying mechanism of proof search in our work, the uniform proofs, orig-

inates, via Curry-Howard isomorphism, in sequent calculus for Horn-clause and

hereditary Harrop formulae logics. There are several other well-behaved classes

of sequents (cf. Negri, 2016) with the advantage that sequents in these classes can

be identified syntactically. A Curry-Howard interpretation of these classes has yet

not been given and such interpretation is of an interest as it allows embedding of

search based automation into verified programs. Further, Orevkov (2006) identified

complexity characteristics of sequents in these classes that separate the logic into

polynomially decidable subclasses. Application of Orevkov’s results to proof-relevant

search methodology would allow optimisation of the search in form of decomposition

of the search space of the algorithm into subspaces of polynomial size. Since these

classes of sequents are identified syntactically, this approach provides a promising
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eq(pair(int,int))→

bytheclauseκpair

eq(int),eq(int)→

bytheclauseκint

eq(int)→

bytheclauseκint

∅

Theprooftermκpairκintκintcorrespondstoadictionaryconstructedbythecompiler.

Itistreatedinternallyasanexecutablefunction.

Moreover,theexplicittreatmentoftype-classresolutionasHorn-clauseresolu-

tiongivesafirmbasisforsemanticalanalysis.ThemodelsofHorn-clauseresolution

serveasasemanticsofthetype-classmechanism.

1.3ConstructiveApproachtoAutomation

Aprimarygoalofthisthesisistoestablishasimple,conceptualframeworkfor

proof-relevantandconstructiveautomatedtheoremprovingintypeinference.The

automatedtheoremprovingweconsiderisresolutioninextensionsoffirst-order

Horn-clauselogic.FirstorderHorn-clauselogichasbeenlongunderstoodasan

expressiveandconstructivelanguage(DyckhoffandNegri,2015).Ithasawide

useinprogramverification(cf.asurveybyBjørneretal.,2015,Burnetal.,2018,

OngandWagner,2019).MillerandNadathur(2012)haveshownthatitssemantics

extendsseamlesslytohigherordertermsandtohereditaryHarropformulaeina

waythatmaintainstheconstructivenatureofthelogic.Theimportanceofthese

extensionsisdemonstratedbythecontinuingworkontypeclasses(Bottuetal.,

7
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extendedHornclausestoobtainthelogicofhereditaryHarropformulae.Inparallel

tothelanguage,wegaveabig-stepoperationalsemanticsandasmall-stepopera-

tionalsemanticsofproof-relevantresolution.Thebig-stepsemanticswasobtained

byinstrumentingthestandardsemanticsofresolutioninlogicprogramming,the

uniformproofssemantics,withproofterms.Thesmall-stepoperationalsemantics

hasnotbeenpresentedinliteraturebefore.Weshowedthatthesmall-stepsemantics

issoundw.r.t.thebig-stepsemantics.Thesmall-stepsemanticsinvolvesreasoning

aboutfreevariablesandthusallowsforaricherclassofsequentsthanthebig-step

semantics.Thus,weemployedlogicalrelationandcarriedouttheproofofsound-

nessintwosteps.weshowedembeddingofthesmall-stepsemanticsintothelogical

relationandweshowedescapefromthelogicalrelationtothebig-stepsemantics.

Theintroductionofourframeworkintwo,compositionalstepshasapractical

motivation.Inourcasestudies,wedemonstratedthatsomeapplicationsallowto

usethesimpler,Horn-clausefragment.Thiswasthecasewithtype-inferenceand

term-synthesisinLF.Inthecasestudyoftype-classresolutionweillustratedhow

increasedrequirementsontheproofstrengthofthesystemforcetheuseofaricher

logic,movingformHornclausestohereditaryHarropformulae.

7.1.2Typeinferenceandtermsynthesis

ProgramminginlanguageswithdependenttypessuchasAgda,CoqorIdrisisa

complextask.Theusabilityofsuchlanguagescriticallydependsontheamountof

automationthatisprovidedtoaprogrammer.Currentautomationisimplemen-

tationdependentandhardtounderstand.Thiscomplicatesthereuseofexisting

approachesinthedevelopmentoftoolsfornewlanguagesorsharingbetweenthe

existingimplementations.

WepresentedadescriptionoftypeinferenceandtermsynthesisinLF,firstorder

dependenttypetheorythatissignificantlysimplerthantheexistingapproaches.

Weshowedatranslationofanincompletetermwithmetavariablesto-goaland

aprograminHorn-clauselogicbyasyntactictraversaloftheterm.Theinference

isthenperformedbyproof-relevantresolution.Moreover,thegeneratedgoaland

programhaveastraightforwardinterpretationasjudgementsoftypetheoryand

inferencerulesandhenceareeasiertounderstandandtoworkwith.
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2017, Fu et al., 2016) and by applications in coinductive settings (Basold et al.,

2018). We thus chose to build our framework on the higher-order hereditary Harrop

logic by its instrumentation with proof terms. The complementary goal of this

thesis is to demonstrate assets of such framework by its application to examples we

described in previous sections.

1.4 Contributions

The technical contributions in this thesis span several areas.

Proof-relevant resolution This thesis develops a systematic and generic ap-

proach to proof relevant resolution. In particular:

• We identify higher-order Horn-clause (hohc) and hereditary Harrop logics

(hohh) as the appropriate languages for the framework for proof-relevant reso-

lution. We instrument the uniform proof (Miller and Nadathur, 2012) seman-

tics of hohc and hohh with proof terms.

• We develop a small-step operational semantics of proof-relevant hohc and hohh.

• We show soundness of the small-step operational semantics w.r.t. the uniform

proof semantics.

We show applications of the general framework in two settings.

Type inference and term synthesis in dependent type theory.

• We present a novel approach to type inference and term synthesis for a first-

order type theory with dependent types that is simpler than existing methods

(e.g. Pientka and Dunfield, 2010).

• We prove that generation of goals and logic programs from the extended lan-

guage is decidable.

• We show that proof-relevant first-order Horn-clause resolution gives an ap-

propriate inference mechanism for dependently typed languages: first, it is

sound with respect to type checking in LF; secondly, the proof term con-

struction alongside the resolution trace allows to reconstruct derivations of

well-typedness judgements.

8

7 Conclusions and Future Work

Die Herren wollen leben und zwar von der Philosophie leben:

[…] trotz dem povera e nuda vai filosofia des Petrarka, es darauf

gewagt.

— Arthur Schopenhauer, Die Welt als Wille und Vorstellung

Dependent type theory is an expressive programming language for writing veri-

fied programs. Technical obligations of the type theory require a level of automation

of proof obligations for any system with dependent types that aims to be usable in

practice. In this thesis, we developed a simple, conceptual framework for such au-

tomation that is based in proof-relevant, constructive resolution in Horn-clause logic

and its extension, the logic of hereditary Harrop formulae. We demonstrated ap-

plicability of our framework using two case studies. First, we used our framework

for a syntactical manipulation of a programming language in form of type inference

and term synthesis. Secondly, we used our framework in a semantical analysis by

employing it for the purpose of a study of soundness and completeness, or rather a

lack thereof, of type class construct. The use of the framework in both syntactical

and semantical applications shows its generality.

In this chapter, we briefly conclude on the framework and on each of the appli-

cations. Next, we discuss some directions of future work.

7.1 Conclusions

7.1.1 Proof-relevant resolution

We introduced the language of our resolution framework and the corresponding se-

mantics in two steps. First, we introduced the Horn-clause logic. Secondly, we
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1.5.StructureoftheThesis

TypeclassesThesemanticalanalysisofproof-relevanttypeclassresolutionpro-

videsthefollowingcontributions:

•Weestablishthattypeclassresolutionanditstworecentcorecursiveexten-

sions(Fuetal.,2016,LämmelandPeytonJones,2005)aresoundrelativeto

thestandard(Herbrandmodel)semanticsoflogicprogramming.

•Weshowthattheseextensionsareindeedcorecursive,i.e.thattheyaremore

accuratelymodelledbythegreatestHerbrandmodelsemanticsratherthanby

theleastHerbrandmodelsemantics.

•WediscusswhetherthecontextupdatetechniquegivenbyFuetal.(2016)

canbereappliedtologicprogrammingandcanbere-usedinitscorecursive

dialectssuchasCoLP(Simonetal.,2007)andCoALP(Komendantskayaand

Johann,2015)or,evenbroader,whetheritcanbeincorporatedintoprogram

transformationtechniques(DeAngelisetal.,2015).

1.5StructureoftheThesis

Thischapterprovidesageneralmotivationforaproof-relevant,constructiveframe-

workforautomatedtheoremproving.

Chapter2givesanoverviewofpreliminaries.First,wegivealanguageofHorn-

clauselogicthatisusedthroughoutthethesis.Secondly,werecallthenotionof

Herbrandmodelsforlogicprogrammingthatisusedforsemanticalanalysisoftype

classes.Finally,wegiveanamelessformulationofLF,whichisthelanguagethat

issubjecttotypeinferenceandtermsynthesisinChapter5.

Chapter3introducesthegeneralframeworkofproof-relevantresolution.We

giveabig-stepoperationalsemanticsthatisbasedontheuniformproofsemantics

andasmall-stepoperationalsemanticsofproof-relevantresolutioninHorn-clause

logic.WegeneralisethelanguageoftheframeworktohereditaryHarropformulae

andextendthesemanticsaccordingly.

Chapter4showsoundnessofthesmall-stepsemanticsw.r.t.thebigstep-

semantics.Theresultisachievedbyintroducingalogicalrelation.

Chapter5showanapplicationofourframeworktotypeinferenceandterm

synthesisinnamelessLF,afirst-ordertypetheorywithdependenttypes.
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(Colmerauer,1984,JaffarandStuckey,1986)wasstudiedfrombothanoperational

semanticsandadeclarativesemanticspointofview.Simonetal.(2007)introduced

co-logicprogramming(co-LP)thatalsoallowsfortermsthatarerationalinfinite

treesandhencethathaveinfiniteproofs.However,corecursiveresolution,asstudied

inthispaper,ismoreexpressivethanco-LP:whilealsoallowinginfiniteproofs,and

closingofcoinductivehypothesesislessconstrainedinourapproach.

WeraisedaquestionwhetherthecontextupdatetechniquegiveninFuetal.

(2016)canbereappliedtologicprogrammingandcanbere-usedinitscorecursive

dialectssuchasCoLPSimonetal.(2007)andCoALPKomendantskayaandJohann

(2015)or,evenbroader,whetheritcanbeincorporatedintoprogramtransformation

techniques(DeAngelisetal.,2015).Theanswertothequestionislessstraightfor-

ward.Thewaytheimplicativecoinductivelemmataareusedinproofsalongsideall

otherHornclausesinFuetal.(2016)indeedresemblesaprogramtransformation

methodwhenconsideredfromthelogicprogrammingpointofview.Inreality,how-

ever,differentfragmentsofthecalculusgiveninFuetal.(2016)allowproofsfor

Hornclauseswhich,whenaddedtotheinitialprogram,mayleadtoinductivelyor

coinductivelyunsoundextensions.Weanalysedthissituationandhighlightwhich

programtransformationmethodscanbesoundlyborrowedfromexistingworkon

corecursiveresolution.

TheformulationofcorecursivetypeclassresolutionweusedwasgivenbyFuetal.

(2016)andFuandKomendantskaya(2017).TheyextendedHoward’ssimply-typed

λ-calculus(Howard,1980)witharesolutionruleandaν-rule.Theresultingcalculus

isgeneralandaccountsforallpreviouslysuggestedkindsoftypeclassresolution.

Weembeddedthegeneralframeworkintothecalculusofproof-relevantresolution

wegaveinChapter3intheinductivecase.Wehaveshownthatthecoinductive

caseoftypeclassresolutionisaproperextensionofourcalculus.
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Chapter 6 carries out a semantical analysis of soundness of proof-relevant type

class resolution. We show soundness and completeness, or the lack of it, for different

notions of inductive and coinductive interpretation of type-class resolution.

Chapter 7 concludes the thesis and discusses related and future work.

1.6 Declaration of Authorship

Chapter 2 contains background information. The definitions and results can be

found in cited literature but the presentation has been adjusted to fit the scope of

this thesis.

The contents of Chapters 3 and 4 are original work of the author. Chapters 5 and

6 are based on join work with Ekaterina Komendantskaya and Kevin Hammond,

who were author’s supervisors. Both the type inference and term synthesis approach

(Farka et al., 2018) and the semantical analysis of type class resolution (Farka et al.,

2016) has been published before. An initial exposition of applications of proof

relevant resolution in a single framework that proceeds the ideas behind this thesis

has also been published (Farka, 2018).
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to use with any coinductive dialect of logic programming, e.g. with CoLP (Simon

et al., 2007).

Example 6.43

Recall the Example 6.25 and the fact that, for any atomic formula A:

· −→ λα.α : A⇒ A

Assume a program P consisting of a single formula κ : A⇒ B. Both the least and

the greatest Herbrand model of this program are empty. However, adding the formula

A ⇒ A to the program results in the greatest Herbrand model M′
κ:A⇒B = {A,B}.

Thus, M′
κ:A⇒B 6=M′

κ:A⇒B,λα.α:A⇒A.

The Example 6.43 demonstrates that extending a program with a formula A⇒ A

is not a coinductively sound transformation. However, calculus consisting of rules

Lp-m and Lam as can be observed inductively sound by inspecting the proof of

Theorem 6.37—rules of the calculus do not allow unguarded use of such Horn clauses

in further entailment. In fact, rules of the calculus do not allow any use of such

clauses in further entailment at all. On the other hand, both corecursive type class

resolution and its extended version need to impose guardedness conditions on the

proof term in order to ensure that any use of a Horn clause that was previously

entailed is guarded in order to avoid unsound derivations. The side conditions of

the rules Nu’ and Nu requiring the proof term to be in the head normal form are

exactly these conditions.

6.5 Related Work

The standard approach to type inference for type classes, corresponding to type

class resolution as studied in this chapter, was described by Stuckey and Sulzmann

(2005). Type class resolution was further studied by Lämmel and Peyton Jones

(2005), who described what we here call corecursive type class resolution. The de-

scription of the extended calculus of Section 6.4 was first presented by Fu et al.

(2016). In general, there is a rich body of work that focuses on allowing for infi-

nite data structures in logic programming. Logic programming with rational trees
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2Preliminaries

Inthischapter,wediscusspreliminariesthatareneededinourdevelopmentinthe

restofthethesis.First,weintroducetermlanguageandHorn-clauselogicthatis

studiedandextendedinthisthesis.Secondly,wedescribeHerbrandmodelsasa

simpleandconvenienttoolfortheanalysisofinductiveandcoinductivesoundness

oftypeclassresolutionwecarryoutinChapter6.Next,wedescribeanameless

variantofLogicalFramework(LF)thatissuitableforautomatedtypeinferenceand

termsynthesisthatweintroduceinChapter5.

2.1TermLanguage

Inthissection,weintroducethelanguageoftermsthatisusedandextendedin

thisthesis.ThelanguageisbasedonLF(Harperetal.,1993,HarperandPfenning,

2005).

2.1.1Syntax

Thesyntaxofourlanguagefeaturesseparateterms,types,andkinds.Termsofour

languageconsistoftermconstants,variables,abstractionandapplicationandare

classifiedbytypes.WelettermconstantstorangeoverthesetCanduseidentifiers

c,dtodenoteindividualconstants.WeletvariablestorangeoverthesetVand

useidentifiersx,yforvariablesingeneralandidentifiersX,Yforvariablesthat

aresubjecttounification.Typesconsistoftypeconstants,typeapplicationand

formationofdependenttypefamilies.Typesareclassifiedbykinds.Welettype

constantstorangeoverthesetA.Weuseidentifiersa,p,andqtodenoteindividual

constantsinAunlessstatedotherwise.Kindsconsistsoftwosorts,oandtype,and

formationofkindthatclassifiesdependenttypefamilies.Theintendedmeaningof

11

Chapter6:TypeClassResolution

Letusdenoteaterm(s(s(...(sx)...)))wherethesymbolsisappliedi-timesas

(s
i
x).ByobservingtheconstructionofM′

Pwecanseethat,foralli,ifDz(s
i
x)

thenD(s
i
x)z∈M′

PandalsoDz(s
i−1

x)∈M′
P.ThereforeDzz∈M′

P.

However,thereisnoproofofDzzsinceanynumberofproofstepsresultingfrom

theuseofLp-mgeneratesyetanothergroundpremisethatisdifferentfromall

previouspremises.Consequently,theproofcannotbeclosedbyNu.Also,nolemma

thatwouldallowforaproofcanbeformulated;anexampleofsuchalemmawould

betheaboveDz(s
i
x)⇒Dz(s

i−1
x).Thisisahigherorderformulaandcannot

beexpressedinthefirstorderHorn-clauselogicweconsiderinthisChapter.

6.4.2Programtransformationmethods

WeconcludethissectionwithadiscussionofprogramtransformationwithHorn

clausesthatareentailedbytherulesLamandNu.FromthefactthattheNu’

ruleisinductivelyunsound,itisclearthatusingprogramtransformationtechniques

basedonthelemmatathatwereprovedbytheLamandNuruleswouldalsobe

inductivelyunsound.However,amoreinterestingresultisthataddingsuchprogram

clauseswillnotchangethecoinductivesoundnessoftheinitialprogram:

Theorem6.42

LetPbealogicprogram,letGbeaformulaandletebeaprooftermsuchthat

gHNF(e).LetS;P−→e:GbytheLp-m,LamandNurules.Givenaformula

G′,P�coindG′iff(P,G)�coindG′.

Proof.BytheTheorem6.37,P�coindG.Therefore,M′
PisamodelofGand

M′
P=M′

P,G.HenceP�coindG′iffP,G�coindG′.

Theaboveresultispossiblethankstotheguardedheadnormalformcondition,since

itisthenimpossibletouseaclauseA⇒Athatwasderivedfromanemptycontext

bytheruleLam.Itisalsoimpossibletomakesuchaderivationwithintheproof

termeitselfandthenderiveAbytheNurulefromA⇒A.Theresultingproof

termwillfailtosatisfytheguardedheadnormalformconditionthatisrequired

byNu.Sincethisconditionguardsagainstanysuchcases,wecanbesurethat

thisprogramtransformationmethodiscoinductivelysoundandhencethatitissafe
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the sorts is to distinguish between types that stand in the position of formulae and

in the position of types in the proof-relevant resolution. Formally, the language is

given as follows.

Definition 2.1 (Syntax)

C 3 c, d term constants

A 3 a, p, q type constants

V 3 x, y,X, Y variables

t 3M,N := c | x | λx : A.N |M N terms

T 3 A,B := a | Πx : A.B | AM types

K 3 L := type | o | Πx : A.L kinds

Terms in t are denoted using identifiersM , N , types in T are denoted using identifiers

A, B and kinds in K are denoted using the identifier L. We use A → B as an

abbreviation for the type Πx : A.B when x does not occur in B and similarly for

kinds.

Example 2.2

Let zero, pair be term constants in C. Let Eq, Pair, int be type constants in A.

Then zero and pairx y are terms and Pair int int and Eqx are types.

In order to state well-formedness of terms, types, and kinds we define signatures

and contexts. We say that variable x is bound in a syntactic object O if there is

a subterm λx : A.t of O. In order to avoid excessive technical details regarding

renaming and freshness, we assume that constants and variable names are always

unique. A variable that is not bound in a syntactic object is free. We define a

function var(−) that acts on syntactic objects and extracts the set of free variables.

We say that a syntactic object is ground if it contains no free variables.

Definition 2.3 (Signatures and contexts)

12
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Example 6.39

The greatest Herbrand model of the program P in Example 6.22 is M′
P = MP =

{A g,A (f g), A (f (f g)), . . . }. Therefore, for an atomic formula Ax, P �coind A x.

However, it is impossible to construct a proof of

...
P −→ e : A x

The rules Lp-m and Lam are not applicable for the same reasons as in the

inductive case. The rule Nu results in assumption of the inference rule being the

same as the conclusion since A x is an atom and not a Horn clause with a non-empty

body and the proof state does not change.

A similar argument can be carried out for the Example 6.23 by observing the

inductive structure of a proof when we notice that the rule Nu does not instantiate

the clause that is being proven. The notion of completeness for valid formulae fails

similar to the inductive case.

Moreover, a more restricted formulation in the traditional style of Lloyd (1987)

does not improve the situation:

Definition 6.40 (Coinductive Completeness à la Lloyd)

If a ground atomic formula G is in M′
P , then P −→ e : G in the Lp-m + Lam +

Nu proof system.

Such a result does not hold, since there exist logic programs that define corecur-

sive schemes that cannot be captured in this proof system. We demonstrate this on

an example that was already used in literature (Fu et al., 2016) and we analyse its

model.

Example 6.41

Let Σ be a signature with a binary predicate symbol D, a unary function symbol s

and a constant function symbol z. Consider a program P with the signature Σ given

by the following axiom environment:

κ1 : D x (s y)⇒ D (s x) y

κ2 : D (s x) z⇒ D z x
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2.1.TermLanguage

Sig3S:=·|S,p:L|S,c:Asignatures

Ctx3Γ:=·|Γ,x:Acontexts

Signaturesassigntypestotermconstantsandkindstotypeconstants.Contexts

assigntypestovariables.WeusenotationS1,S2forasignatureS1,p1:L1,...,Ln

whereS2=p1:L1,...,Lnandsimilarlyforcontexts.

Example2.4

ConsiderconstantsinExample2.2.Then

·,int:type,zero:int,Pair:type,pair:int→int→type,eq:o

isasignature.WedenotethissignatureSPair.Similarly,

·,x:int,y:int

isacontext.

Whenthesignatureisnon-empty,e.g.S=·,int:type,wewriteS=int:

type.Similarlyforcontexts.

Substitution

Nextwedefinesubstitutionofavariablewithaterm.

Definition2.5(Substitution)

type[M/x]=type

o[M/x]=o

(Πy:A.L)[M/x]=Πy:A[M/x].L[M/x]

13
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P,(α:B1∧···∧Bn⇒A)−→e:B1∧···∧Bn⇒A
Nu P−→να.e:B1∧···∧Bn⇒A

foratomicformulaeA,B1toBn,avariableαandaprooftermeintheguarded

headnormalform.W.l.o.g.lete=λβ1...βn.κe1...em.Thereforethereisinfer-

encestepoftheform

P,(β1:⇒B1),

...,(βn:⇒Bn),

(α:B1∧···∧Bn⇒A)

−→e1:σC′
1...

P,(β1:⇒B1),

...,(βn:⇒Bn),

(α:B1∧···∧Bn⇒A)

−→em:σC′
mκ:C′

1∧···∧C′
m⇒A′

Lp-m P,(β1:⇒B1),...,(βn:⇒Bn),(α:B1∧···∧Bn⇒A)−→κe1...en:σA′

forσA′=A.Bytheinductionassumption,foralli,P,(β1:B1),...,(βn:Bn),(α:

B1∧···∧Bn⇒A)�Ci.ByLemma6.35,P�coindB1∧···∧Bn⇒A.

NotethatwediscussedthecorrespondenceofthesystemLp-m+Lamtothe

bigstepsemanticsofhereditaryHarropformulae.Wealsodiscussedthatthesystem

Lp-m+Nu’canbeseenasthecoinductivecounterpartofthesemanticsofHorn

clauses.InthesamelightwecanseethesystemLp-m+Lam+Nu’asacoinductive

big-stepoperationalsemanticsofthelogicofhereditaryHarropformulae.

CoinductiveincompletenessofsystemLp-m+Lam+Nu

InSection6.2,weconsideredtwowaysofstatinginductivecompletenessoftype

classresolution.Westatethecorrespondingresultforthecoinductivecasehere.

Asboththenotionsofcompletenessareshownnottoholdwediscusstheminthe

reversedorderthantheinductivecompleteness,firstthemoregeneralcaseandthen

themorerestrictedone:

Definition6.38(CoinductiveCompletenessw.r.t.amodel)

IfM′
P�coindGthenS;P−→e:GintheLp-m+Lam+Nuproofsystem.

RecallprogramsinExamples6.22and6.23thatweusedtoshowincompletenessin

theinductivecase.Wedemonstratedthat,ingeneral,thereareformulaethatare

validinMPbutdonothaveaproofinP.Thesametwoexampleswillserveour

purposehere.
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a[M/x] = a

(Πy : A.B)[M/x] = Πy : A[M/x].B[M/x]

(AN)[M/x] = A[M/x]N [M/x]

c[M/x] = c

y[M/x] = M if x = y

= y otherwise

(AN)[M/x] = (A[M/x]) (N [M/x])

(λx.A : N)[M/x] = λx : A[M/x].N [M/x]

We define a simultaneous substitution on a set of distinct variables x1 to xn:

Definition 2.6

Subst 3 σ, τ, θ ::= {M1/x1, . . . ,Mn/xn} simultaneous substitution

We use σ, τ and θ to denote simultaneous substitutions. A simultaneous substitution

{M1/x1, . . . ,Mn/xn} is called ground if all terms M1, …, Mn are ground. We refer

to a simultaneous substitution as a substitution where there is no risk of confusion.

Since we assume that all variable names are unique, application of simultaneous

substitution to a term is a straightforward extension of Definition 2.5.

Definition 2.7

The application of a simultaneous substitution {M1/x1, . . .Mn/xn} to a term N or

a type A is defined as substituting each variable xi in N or A respectively with the

term Mi.

We denote application of a substitution σ to a term M or to a type A by σM and σA

respectively. A substitution σ is called grounding for a term M if σM is a ground

term, and similarly for a type. A substitution is grounding if it is grounding for

14
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σA is valid inM′
P . The substitution σ is chosen arbitrary whence, for any σ, if, for

all i, σBi are valid in P then also σA is valid in P . From the definition of validity

it follows that P �coind B1 ∧ · · · ∧Bn ⇒ A.

Now, the universal coinductive soundness of extended corecursive type class resolu-

tion follows straightforwardly:

Theorem 6.37

Let P be a logic program, and let be S;P −→ e : G for a formula G by the Lp-m,

Lam, and Nu rules. Then P �coind G.

Proof. By structural induction on the derivation tree.

Base case: Let the derivation be in one step. Then it is by the rule Lp-m and

of the form

(κ : ⇒ A) ∈ P
Lp-mP −→ κ : σA

for an atomic formula A, a constant symbol κ, and a substitution σ. By Lemma 2.37

c), P �coind σA.
Inductive case, subcase Lp-m: Let the last step be by the rule Lp-m and of the

form

P −→ e1 : σB1 · · · P −→ en : σBn (κ : B1 ∧ · · · ∧Bn ⇒ A) ∈ P
Lp-mP −→ κ e1 . . . en : σA

for an atomic formulae A, B1, …, Bn a constant symbol κ, a substitution σ and proof

terms e1, …, en. By the induction assumption, for i ∈ {1, . . . , n}, P �coind Bi and

by Lemma 2.37 d), P �coind σA.
Subcase Lam: Let the last step of the derivation be by the rule Lam. Then it is

of the form

P , (β1 : ⇒ B1), . . . , (βn : ⇒ Bn) −→ e : A
LamP −→ λβ1, . . . , βn.e : B1 ∧ · · · ∧Bn ⇒ A

for atomic formulae A, B1 to Bn, a proof term e, and variables b1, …, bn. By

the induction assumption, P , (β1 : ⇒ B1), . . . , (βn : ⇒ Bn) �coind A and by

Lemma 6.36 also P �coind B1 ∧ · · · ∧Bn ⇒ A.

Subcase Nu: Let the last step be by the rule Nu and of the form
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anyterm.Asimultaneoussubstitution{M1/x1,...,Mn/xn},asasyntacticobject,

givesrisetoa(partial)mappingthat,foreachi,assignsMitoxi.Wewillusethe

substitutionandtheassignmentinterchangeably.

Definition2.8

Acompositionofasubstitutionσ={M1/x1,...Mn/xn}withasubstitutionτ=

{N1/y1,...,Nm/ym}isdefinedas

{M1/x1,...Mn/xn,σN1/y1,...,σNm/ym}

Notethattheusualconditiononvariablesx1toxnbeingdistinctissubsumedby

ourimplicitassumptionofuniquenessofvariablenames.Wedenotecompositionof

substitutionsσandτbyσ◦τ.Compositionofsubstitutionsisclearlyasubstitution.

Example2.9

ConsiderconstantsinExample2.2.Thenσ={zero/x,pairzz/y}andτ=

{zero/z}aresubstitutions.Thetermσ(pairxy)=pairzero(pairzz)isap-

plicationofthesubstitutionσtothetermpairxy.Thecompositionofsubsti-

tutionsτandσisthesubstitutionτ◦σ={zero/z,zero/x,pairzerozero/y}.
Thesubstitutionτ◦σisgroundingforthetermpairxysinceσ◦τ(pairxy)=

pairzero(pairzerozero).

2.1.2Typingandequality

Well-formednessofsyntacticobjectsisgivenbythefollowingjudgements:

•`S,forSawell-formedsignature,

•S`Γ,forΓawell-formedcontextinasignatureS,
•S,Γ`L:kind,forLawell-formedkindinasignatureSandacontextΓ,

•S,Γ`A:L,forAawell-formedtypeofakindLinasignatureSanda

contextΓ,and

•S,Γ`M:A,forMawell-formedtermofatypeAinasignatureSanda

contextΓ.

Definition2.10

Thewell-formednessjudgementsforsignaturesandcontextsaregiveninFigure2.1.
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CoinductivesoundnessofsystemLp-m+Lam+Nu

Beforeproceedingwiththeproofofsoundnessofextendedtypeclassresolutionwe

needtoshowtwointermediatelemmata.Thefirstlemmastatesthatinferenceby

theNurulepreservescoinductivesoundness:

Lemma6.35

LetPbealogicprogram,letσbeasubstitution,andletA,B1,…,Bn,C1,…,Cm

beatomicformulae.If,foralli,P,B1,...,Bn,(B1∧···∧Bn⇒σA)�coindσCiand

(C1,...,Cm⇒A)∈PthenP�coindB1∧···∧Bn⇒σA.

Proof.ConsidertheconstructionofthegreatestHerbrandmodeloftheprogramP
andproceedbyinductionwithhypothesis:foralln,B1∧···∧Bn⇒σAisvalidin

TP↓n.ThebasecaseisthesameasintheproofofLemma6.29.

Assumethat,foragroundingsubstitutionτ,foralli,τBi∈TP↓n.Thenalso

(τ◦σ)A∈TP↓n.Forthedefinitionofthesemanticoperator,itfollowsfromthe

monotonicityoftheoperatoritself,andfromtheassumptionsmadebythelemma

that(τ◦σ)Ci∈TP↓n.SinceC1,...,Cn⇒A∈Palso(τ◦σ)A∈TP↓(n+1).If

theassumptiondoesnotholdthenfromthemonotonicityofTPitfollowsthat,for

alli,τBi6∈TP↓(n+1).Therefore,B1∧···∧Bn⇒σAisvalidinTP↓(n+1).

FrominductionweconcludethatthesameholdsforTP↓ωandfromProposition

2.35forM′
P.Hencewhenever,forasubstitutionτ,allinstancesofτB1toτBnare

inthegreatestHerbrandmodelthenalsoallinstancesof(τ◦σ)Aareinthegreatest

Herbrandmodel.HenceP�coindB1∧···∧Bn⇒σA.

Theotherlemmathatweneedinordertoprovecoinductivesoundnessofextended

typeclassresolutionstatesthatinferenceusingLampreservescoinductivesound-

ness,i.e.weneedtoshowthecoinductivecounterparttoLemma6.18:

Lemma6.36

LetPbealogicprogramandA,B1,…,Bnatomicformulae.IfP,(⇒B1),...(⇒
Bn)�coindAthenP�coindB1∧···∧Bn⇒A.

Proof.Assumethat,foranarbitrarysubstitutionσ,foralli,σBiisvalidinM′
P.

Then,foranygroundingsubstitutionτ,fromthedefinitionofthesemanticoperator

andfromtheassumptionofthelemmaitfollowsthat(τ◦σ)A∈M′
P.Therefore,
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` S

` ·
` S S; · ` L : kind

` S, a : L

` S S; · ` A : type

` S, c : A
S ` Γ

S ` ·
S ` Γ S; Γ ` x : type

S ` Γ, x : type

Figure 2.1: Well-formedness of signatures and contexts

S; Γ `M : A

c : A ∈ S S ` Γ
S; Γ ` c : A

x : A ∈ Γ S ` Γ
S; Γ ` x : A

S; Γ `M : Πx : A.B S; Γ ` N : A

S; Γ `M N : B[M/x]

S; Γ ` A : type Γ, x : A `M : B

S; Γ ` λx : A.M : Πx : A.B

Figure 2.2: Well-formedness of terms

S; Γ ` A : L

p : L ∈ S S ` Γ

S; Γ ` c : L

S; Γ ` A : type S; Γ, A ` B : L

S; Γ ` Πx : A.B : Πx : A.L

S; Γ `M : Πx : A.B S; Γ ` N : A

S; Γ `MN : B[M/x]

Figure 2.3: Well-formedness of types

S; Γ ` A : L

S ` Γ
S; Γ ` type : kind

S ` Γ
S; Γ ` o : kind

S; Γ ` A : type S; Γ, A ` L : kind

S; Γ ` Πx : A.L : kind

Figure 2.4: Well-formedness of kinds
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6.4. Extended Coinductive Type Class Resolution

The side condition of the Nu rule requires the proof term to be in guarded head

normal form. However, unlike corecursive type class resolution, extended corecursive

type class resolution also uses the Lam rule and a guarded head normal term is not

restricted as in the previous section but is in a general form λα.κ e for a possibly

non-empty sequence of proof-term variables α. First, let us note that extended

corecursive type class resolution indeed extends the calculus of Section 6.3:

Proposition 6.33

The inference rule Nu’ is admissible in the extended corecursive type class resolution.

Proof. Let P be a program, let A be an atomic formula and let S;P , (α : ⇒
A) −→ e : A where e is in gHNF. Then by the Lam rule S;P , (α : ⇒ A) −→ λβ.e : ⇒
A where β is an empty sequence of variables. Therefore S;P , (α : ⇒ A) −→ e : ⇒
A. Since e is in guarded head normal form by the Nu rule also S;P −→ να.e : A.

Furthermore, this is a proper extension. The Nu rule allows queries to be entailed

that were beyond the scope of corecursive type class resolution.

Example 6.34

Recall Example 6.8 where no cycles arise for query eq(bush(int)) and thus the query

cannot be resolved by corecursive type class resolution. Using the extended query the

calculus is resolved as follows:

κint : eq int

∈ PBush

PBush −→
κint : eq int

(β : ⇒ eqx)

∈ PBush,α,β

PBush,α,β −→
β : eqx

(β : ⇒ eqx)

∈ PBush,α,β

PBush,α,β −→
β : eqx

α : eqx⇒
eq (bushx)

∈ Pbush,α,β

PBush,α,β −→
αβ : eq (bushx)

PBush,α,β −→ α (αβ)

: eq (bush (bushx))

κbush : eqx∧
eq (bush (bushx))

⇒ eq (bushx)

∈ PBush,α,β

PBush,α,β −→ κ2 β (α (αβ)) : eq (bushx)
LamPBush,α −→ λβ.κbushβ(α(αβ)) : eqx⇒ eq (bushx)
NuPBush −→ να.λβ.κbushβ(α(αβ)) : eqx⇒ eq (bushx)

PBush −→ (να.λβ.κbushβ(α(αβ)))κint : eq (bush int)

In the derivation, we use Pβ to abbreviate the program P extended with the clause

β : ⇒ eqx∧ and Pα to abbreviate the program P extended with the clause α :

eqx∧ ⇒ eq (bushx).
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Well-formednessofterms,typesandkindsisgiveninFigures2.2,2.3,and2.4.

Wewillalsoconsiderwell-formednessofsimultaneoussubstitutionsthatpre-

serveswell-formednessofobjectsundersubstitution:

Definition2.11

Asimultaneoussubstitution{M1/x1,···,Mn/xn}iswell-formedinaasignatureS
andacontextΓ=x1:A1,...,xn:AnandofshapeΓ′,foracontextΓ′,if,foreach

i,S;Γ`Mi:Ai.

WeuseS;Γ`σ:Γ′todenotethatσisawell-formedsubstitutioninasignatureS
andacontextΓofshapeΓ′.

Example2.12

ConsiderthesignatureSPairinExample2.4.Itiseasytoshowthat·;int:

type,zero:int,Pair:type`pair:int→int→type.Hencethesigna-

tureSPairiswell-formed.Similarly,thetermpairxyiswell-formedinsignature

SPairandcontextx:int,y:int.

Further,thereisanotionofdefinitionalequalityofterms,typesandkinds.The

equalityisgivenbythefollowingjudgements:

•S;Γ`L≡L′:kindforakindLequaltoakindL′,

•S;Γ`A≡B:LforatypeAequaltoatypeBatakindL,and

•S;Γ`M≡N:AforatermAequaltoatermNatatypeB.

Thenotionofequalityweconsideristheβη-conversion.Sincethisnotionofequality

isstandardinliterature,wenonotprovideadefinitionoftheappropriatejudgements

(cf.HarperandPfenning,2005).

Westatesomemetatheoreticpropertiesofthecalculusthatareusedintherest

ofthischapter.ProofsofthesepropertiesforstandardLFcanbefoundintheliter-

ature(cf.HarperandPfenning(2005)).Duetothelargenumberofwell-formedness

judgementsofLFandduetothefactthatthesejudgementsaremutuallydefined,

proofsofthefollowingpropertiesareratherlargeandrequireasubstantialdevelop-

mentofanapparatusofauxiliarylemmata.Ourlanguagediffersonlyinpresence

ofanadditionalsortothatforthepurposeofmeta-theoreticalpropertiesbellow

behaveslikethesorttypeanddoesnotchangethenatureoftheproofs.Therefore,

weomittheproofshereasthesecanbeeasilyrecoveredfromthecorresponding

17
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Example6.31

ConsideraprogramPInfgivenbyasingleclauseκinf:px⇒p(fx).Thegreatest

Herbrandmodelofthatprogramisempty,i.e.MPInf=∅.However,itsgreat-

estcompleteHerbrandmodelM′
PInf={p(f(f(...))}containstheinfiniteformula

p(f(f(...)).

RestrictionsofDefinition6.3,imposedbytypeclassresolution,meanthatthe

greatestHerbrandmodelsregainthosesameadvantagesascompleteHerbrandmod-

els.ItwasnoticedbyLloyd(1987)thatrestriction2impliesthatthesemantic

operatorconvergesinatmostωsteps.Restriction1andandtheresolutionby

matchingimplythatproofsbytypeclassresolutionhaveauniversalinterpretation,

i.e.thattheyholdforallfiniteinstancesofgoals.Therefore,weneverneedtotalk

aboutprogramsforwhichonlyoneinfiniteinstanceofagoalisvalid.Tocohere

withthefactthatthediscussedrestrictionsaredistinguishingfeaturesoftypeclass

resolution,weprovealloursoundnessresultsrelativetogreatestHerbrandmodels.

ExtensionstocompleteHerbrandmodelsholdtriviallyandweomittheirexplicit

formulation.

6.4ExtendedCoinductiveTypeClassResolution

Theclassofproblemsthatcanberesolvedbycoinductivetypeclassresolutionis

limitedtoproblemswhereacoinductivehypothesisisinatomicform.Fuetal.

(2016)extendedcoinductivetypeclassresolutionwithimplicativereasoningand

adjustedtheruleNu’suchthatthisrestrictionofcoinductivetypeclassresolution

isrelaxed.

6.4.1ProofsystemLp-m+Lam+Nu

Definition6.32(Extendedcorecursivetypeclassresolution)

LetPbeaprogram,A,B1toBnatoms,eaproofterm,andαaproof-termvariable.

Thecalculusofextendedcorecursivetypeclassresolutionconsistsoftheinference

rulesLp-m,Lamandthefollowinginferencerule:

P,(α:B1∧···∧Bn⇒A)−→e:B1∧···∧Bn⇒A
ifgHNF(e)P−→να.e:B1∧···∧Bn⇒A

(Nu)
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proofs for LF.

Theorem 2.13

1. (Unicity of Types) If S; Γ ` M : A1 and S; Γ ` M : A2 then S; Γ ` A1 ≡ A2 :

L.

2. (Substitutivity) If S; Γ, x : A ` I and S; Γ `M : A then S; Γ ` I[M/x] where

I is any right side of a judgement that admits substitution.

Proposition 2.14

1. If S1,S2; Γ `M : B and ` S1, c : A,S2 then S1, c : A,S2; Γ `M : B.

2. If S; Γ1,Γ2 `M : B and S ` Γ1, x : A,Γ2 then S; Γ1, x : A,Γ2 `M : B.

Proposition 2.15

1. If S; Γ ` A : L and x 6∈ Γ then S; Γ ` A[M/x] : L.

Judgements of LF, and consecutively of our language, admit several properties

that are generally referred to as implicit syntactic validity. For the purpose of this

thesis, we require the following theorem:

Theorem 2.16 (Implicit syntactic validity)

• If S ` Γ then ` S, and

• if S; Γ ` A ≡ B : L then S ` Γ.

Let us note that we set up well-formedness in such a way that we can recover

notions familiar from (typed) logic programming. First, type constants in a signature

that are of kind Πx1 : A1.(· · · (Πxn : An. o) · · · ) where each Ai is of kind type

can be regarded as predicates. Similarly, term constants in the signature can be

regarded as function symbols. Atomic formulae, or atoms then are the expressions

in the syntactic class of types that are well-formed and of kind o. This intuition is

formalised using the following lemma:

Lemma 2.17

If S; Γ ` A : (Πx1 : A1. . . . (Πxn : An. o) . . . ) then A is equal to ((cNn+1) . . . Nm)

18

6.3. Coinductive Type Class Resolution

for an atomic formula A, a constant symbol κ, and a substitution σ. By Lemma 2.37

c), P �coind σA.
Inductive case, subcase Lp-m: Let the last step be by the rule Lp-m and of the

form

P −→ e1 : σB1 · · · P −→ en : σBn (κ : B1 ∧ · · · ∧Bn ⇒ A) ∈ P
S;P −→ κ e1 . . . en : σA

for an atomic formulae A, B1, to Bn, a constant symbol κ, a substitution σ and

proof term e1, …, en. By the induction assumption, for i ∈ {1, . . . , n}, P �coind Bi

and by Lemma 2.37 d), P �coind σA.
Subcase Nu’: Let the last step be by the rule Nu’ and of the form

P , (α : ⇒ A) −→ e : A
Nu’P −→ να.e : A

for an atomic formula A, a proof-term variable α and a proof term e in the guarded

head normal form. W.l.o.g. let e = κe1 . . . en. Therefore there is an inference step

of the form

P −→ e1 : σB
′
1 . . . P −→ en : σB′

n (κ : B′
1 ∧ · · · ∧B′

n ⇒ A′) ∈ P

P −→ κ e1 . . . en : σA′

for σA′ = A. By the induction assumption, for all i, P , (α : ⇒ A) � Bi. By

Lemma 6.29, P �coind A.

6.3.2 Choice of coinductive models

Perhaps the most unusual feature of the semantics given in this chapter is the use of

the greatest Herbrand models rather than the greatest complete Herbrand models.

The latter is more common in the literature on coinduction in logic programming

(Johann et al., 2015, Lloyd, 1987, Simon et al., 2007). The greatest complete Her-

brand models are obtained as the greatest fixed point of the semantic operator T ′
P

on the complete Herbrand base, i.e. the set of all finite and infinite ground atomic

formulae formed by the signature of the given program. This construction is pre-

ferred in the literature for two reasons. First, T ′
P reaches its greatest fixed point in

at most ω steps, whereas TP may take more than ω steps in the general case. This

is due to compactness of the complete Herbrand base. Moreover, greatest complete

Herbrand models give a more natural characterisation for some programs.
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andcisofakind(ΠA1....(ΠAm.o)...).

Proof.Byinductiononthederivationofthejudgement.

•Letthederivationbea:L∈SS`Γ
S;Γ`a:L.Thenthelemmaholdstrivially.

•LetthederivationbeS;Γ`A:(Πxi+1:Ai+1.L)S;Γ`Ni+1:Ai+1

S;Γ`ANi+1:L[Ni+1/xi+1]
.

FromtheinductionassumptionAisequalto((cNn+1)...Ni)andcisof

akind(Πx1:A1....(Πxi+1:Ai+1.(....o))...).HenceANi+1isequalto

((cNn+1)...Ni)Ni+1andcisoftherequiredkind.

Awell-formedtypeofkindothencorrespondstotheintuitiveunderstandingofan

atomicformula,thatisapredicatesymbolthatisappliedtoanumberofterms.

Corollary2.18

IfS;Γ`A:othenAisofshape((pN1)...Nn)andpisofkind(Πx1:A1....(Πxn:

An.o)...).

2.2Horn-ClauseLogic

Wenowmoveontodefinitionofexpressionsthatconstitutevalidprogramsand

goals.Thesyntacticclassesofclausesandgoalsaremutuallydefinedasfollows:

Definition2.19(Syntaxofgoalsandclauses)

D3D:=A|A⇒D|∀X:A.Dclauses

G3G:=A|∃X:A.Ggoals

TheclausesinDaredenotedbyidentifierDandconsistofatomicformulae,

implication⇒,anduniversalquantificationoveraclause.ThegoalsinGarede-

notedbyidentifierGandconsistofatomicformulaeandexistentialquantification.

Implicationandquantificationhavetheusualmeaning.Foraclause,anexistential

variableisavariablethatdoesnotoccurintheright-mostatomicformulaofthe

19
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operatorTP.Inorderforinductiontobeapplicableinourproof,wemustensure

thattheconstructionofthegreatestHerbrandmodeliscompletedwithinωsteps

ofiterationofTP.ThisholdsbyvirtueofProposition2.35sinceweconsideronly

Hornclauseswithoutexistentialvariables.Theessenceofthecoinductivesoundness

ofNu’iscapturedbythefollowinglemma:

Lemma6.29

LetPbealogicprogram,letσbeasubstitution,andletA,B1,…,Bnbeatomic

formulae.If,∀i∈{1,...,n},P,(⇒σA)�coindσBiand(B1∧···∧Bn⇒A)∈P
thenP�coindσA.

Proof.ConsiderconstructionofthegreatestHerbrandmodelfortheprogramPand

proceedbyinductionwithhypothesis:foralln,foranygroundingsubstitutionτ,

(τ◦σ)A∈TP↓n.ByDefinitionofTP,TP↓0istheHerbrandbaseBΣand,for

anygroundingτ,(τ◦σ)A∈BΣ.

Assumethat,foranygroundingτ,(τ◦σ)A∈TP↓n.ThesetTP↓nisby

definitionoftheoperatorTPthesameasthesetTP,(⇒σA)andfromtheassumptions

ofthelemmaandmonotonicityofTPalso,foralli,foranygroundingsubstitution

τ,(τ◦σ)Bi∈TP↓n.SinceB1∧···∧Bn⇒A∈Palso(τ◦σ)A∈TP↓(n+1).

FrominductionfollowsthatthesamewillbetrueforallsubsequentiterationsofTP
andallinstancesofσAwillbeinTP↓ωand,byProposition2.35inM′

P.Hence

P�coindσA

Finally,Theorem6.30statesuniversalcoinductivesoundnessofthecorecursive

typeclassresolution:

Theorem6.30

LetPbealogicprogramandGaformula.LettherebeaderivationofS;P−→e:G

bytherulesLp-mandNu’.ThenP�coindG.

Proof.Bystructuralinductiononthederivationtree.

Basecase:Letthederivationbeinonestep.ThenitisbytheruleLp-mand

oftheform

(κ:⇒A)∈PLp-m P−→κ:σA
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S; Γ ` D : o

S; Γ ` A : o S; Γ ` D : o

S; Γ ` A⇒ D : o

S; Γ, X : A ` D : o

S; Γ ` ∀X : A.D : o

S; Γ ` G : o

S; Γ, X : A `M : o

S; Γ ` ∃X : A.M : o

Figure 2.5: Well formedness of clauses and goals

clause. We use notation G ⇐ D for a Horn clause D ⇒ G where such notation

facilitates reading of the clause or a logic program containing such clauses.

Example 2.20

Consider constants in Example 2.2. Then ∀x : int.∀y : int.eqx ⇒ eq y ⇒
eq (pairx y) and eq zero are Horn clauses.

To ensure that clauses and goals indeed consist of atomic formulae in positions

of types we introduce further well-formedness judgements:

• S; Γ ` D : o, for D a well-formed clause in signature S and context Γ, and

• S; Γ ` G : o, for G a well-formed goal in signature S and context Γ.

These are intended to be read as extension of well-formedness of types and terms to

formulae. The judgements are given in Figure 2.5.

Definition 2.21 (Well formed clauses and goals)

A clause D is well formed in S if S; · ` D : o can be derived. A goal G is well

formed in S if S; · ` G : o can be derived.

Our choice of syntax of Horn-clause logic is one of several possible definitions.

Our motivation for choosing this definition is to minimise the number of logical

connectives without compromising expressivity of the system. Thus we omit logical

conjunctions and disjunctions. Reducing the number of logical connectives simplifies

our exposition of its semantics and reduces the number of cases that are necessary

to consider in the proof of its soundness. However, it is convenient to allow at

least logical conjunctions in goals and Horn clauses to simplify presentation in the

rest of this thesis. Different program transformation methods that preserve logical

equivalence and their impact on size of programs and derivations are studied in

20
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κint : eq int ∈
PEvenOdd

PEvenOdd

−→ κint : eq int

κint : eq int ∈
PEvenOdd

PEvenOdd

−→ κint : eq int

α : ⇒ eq (evenList int) ∈
PEvenOdd,

α : ⇒ eq (evenList int)

PEvenOdd,

α : ⇒ eq (evenList int)

−→ α : eq (evenList int)

PEvenOdd, α : ⇒ eq (evenList int)

−→ κoddListκintα : eq (oddList int)

PEvenOdd, α : ⇒ eq (evenList int)

−→ κevenListκint(κoddListκintα) : eq (evenList int) Nu’PEvenOdd −→ να.κevenListκint(κoddListκintα) : eq (evenList int)

Recall that when the index is omitted the inference proceeds by the Lp-m rule.

Coinductive soundness of system Lp-m + Nu’

We can now discuss the coinductive soundness of the Nu’ rule, i.e. its soundness rel-

ative to the greatest Herbrand models. We note that, not surprisingly (cf. Sangiorgi,

2009), the rule Nu’ is inductively unsound.

Example 6.28

Consider a program P consisting of just one clause κ : A⇒ A. The rule Nu’ allows

us to entail A:

(α : ⇒ A) ∈ P , (α : ⇒ A)

P , (α : ⇒ A) −→ α : A (κ : A⇒ A) ∈ P , (α : ⇒ A)

P , (α : ⇒ A) −→ κα : A
Nu’P −→ να.κα : A

However, the least Herbrand model MP 8 = ∅ of the program does not contain (any

ground instance of) A.

This example also shows that the system Lp-m + Nu is a proper extension of

the semantics of Horn-clause logic. We can see the system as a coinductive big-step

operational semantics of Horn-clause logic.

Similarly, the formula eq (oddList int) proven in Example 6.27 is not inductively

sound, either. Thus, the coinductive fragment of the extended corecursive resolution

is only coinductively sound. When proving the coinductive soundness of the Nu’

rule, we carefully choose the proof method by which we proceed. Inductive soundness

of the Lp-m rule was proven by induction on the derivation tree and the construction

of the least Herbrand models by iterations of TP . Here, we give an analogous result,

where coinductive soundness is proven by induction on the iterations of the semantic
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literature(cf.MillerandNadathur,2012,Section2.6.2).Forthesakeofsimplicity,

intheremainderofthisthesisweemploythefollowingsyntacticabbreviationfor

Hornclauses:

⇒A=A

A1∧···∧An⇒A=A1⇒(A2∧···∧An⇒A)

Insuchacase,theatomAiscalledaheadoftheclauseandtheatomsA1,…,An

arecalledabodyoftheclause.Withthisnotation,wefollowthestandardpractice

andweroutinelyunderstandthattheclauseisimplicitlyuniversallyquantified.

WhenweuseaconjunctivegoalpM1···Mn∧qN1···Nmweunderstandthatthe

signatureisimplicitlyextendedwithanewpredicatesymbolroftheappropriate

kind.Theprogramisimplicitlyextendedwiththefollowingclause:

∀x1.···∀xn.∀y1.···.∀ym.(px1···xn∧qy1···ym⇒rx1···xny1···ym)

WethenunderstandtheconjunctivegoaltostandforrM1···MnN1···Nm.

ThepropertiesstatedinProposition2.14canbeextendedtowell-formedclauses

andgoals.

Proposition2.22

1.IfS1,S2;Γ`D:oand`S1,c:A,S2thenS1,c:A,S2;Γ`D:o.

2.IfS;Γ1,Γ2`D:oandS`Γ1,x:A,Γ2thenS;Γ1,x:A,Γ2`D:o.

3.IfS1,S2;Γ`G:oand`S1,c:A,S2thenS1,c:A,S2;Γ`G:o.

4.IfS;Γ1,Γ2`G:oandS`Γ1,x:A,Γ2thenS;Γ1,x:A,Γ2`G:o.

Similarly,thepropertyofProposition2.15canbeextendedtoclausesandgoals:

Proposition2.23

1.IfS;Γ`D:oandx6∈ΓthenS;Γ`D[M/x]:o.

21
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6.3CoinductiveTypeClassResolution

ResolutionusingtheLp-mrulemaynotterminateasdemonstratedbyExample

6.5inSection6.2.LämmelandPeytonJones(2005)observedthatinsuchcases

theremaybeacycleintheinferencethatcanbedetected.Suchtreatmentof

cyclesamountstocoinductivereasoningandresultsinbuildingacorecursiveproof

term—i.e.a(co-)recursivedictionaryinHaskellterminology.

6.3.1ProofsystemLp-m+Nu’

A(restricted)proofsystemthatcapturestreatmentoftypeclassessuchasinEx-

ample6.5isgiveninthefollowingdefinition.

Definition6.26(Corecursivetypeclassresolution)

LetPbeaprogram,Aanatom,eaproofterm,andαaproof-termvariable.The

calculusofcorecursivetypeclassresolutionconsistsoftheinferenceruleLp-mand

thefollowinginferencerule:

P,(α:⇒A)−→e:A
ifgHNF(e)P−→να.e:A

(Nu’)

ThesideconditionofNu’requirestheprooftermtobeinguardedheadnormal

form.Since,inthissection,weareworkingwithacalculusconsistingoftherules

Lp-mandNu’,thereisnowaytointroduceaλ-abstractionintoaproofterm.

Therefore,inthissection,werestrictourselvestoguardedheadnormalformterms

oftheformκe.

Example6.27

RecalltheprogramPEvenOddinExample6.5.Theoriginallynon-terminatingresolu-

tiontraceforthequeryeq(evenListint)isresolvedusingtheNu’ruleasfollows:
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2. If S; Γ ` G : o and x 6∈ Γ then S; Γ ` G[M/x] : o.

3. If S; Γ ` D : o and x 6∈ Γ then S; Γ ` D[M/x] ≡ D : o.

Finally, we define logic programs as collections of clauses.

Definition 2.24 (Programs)

P 3 P := · | P , D programs

For the purpose of this section, we implicitly assume that programs consists only of

well-formed clauses.

Example 2.25

Returning to Example 1.3 and ignoring the annotating symbols,

Ppair = ·,∀x : int.∀y : int.eqx⇒ eq y ⇒ eq (pairx y), eq(int)

is a logic program. PPair consists of clauses that are well-formed in signature SPair.

When the program is non-empty, we omit the leading empty program, similarly

to notation for signatures and contexts.

2.3 Models of Logic Programs

In our analysis of soundness of type class resolution in Chapter 6, we make use of

the least and the greatest Herbrand models. The models are defined in the standard

way, that is for the first-order, untyped language.

In this section, we restrict terms of the language that we introduced in the

previous section:

Definition 2.26 (First-order syntax)

t 3M,N := c | x |M N terms

Other syntactic objects of the language remain the same as in the previous section.
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6.2. Inductive Type Class Resolution

The least Herbrand model is MP = {A f,B f}. Therefore P �ind B x ⇒ A x.

However, any proof of B x⇒ A x needs to show that:

· · ·
P, α : ⇒ B x −→ e : A x

LamP −→ λα.e : B x⇒ A x

where e is a proof term. This proof will not succeed since no axiom or hypothesis

matches Ax.

Program transformation methods

The main purpose of introducing the rule Lam in literature was to increase expres-

sivity of the proof system. In particular, obtaining an entailment P −→ e : H of a

Horn clause H enables the program P to be extended with Horn clause e : H, which

can be used in further proofs. We show that transforming (the standard, untyped)

logic programs in this way is inductively sound.

Theorem 6.24

Let P be a logic program, and let P −→ e : G for a formula G by the Lp-m and

Lam rules. Given a formula G′, P �ind G′ iff P , G �ind G′.

Proof. By the Theorem 6.14, P �ind G. Therefore,MP is a model of G andMP =

MP ,G. Hence P �ind G′ iff P , G �ind G′.

Note, however, that the above theorem is not as trivial as it looks, in particular,

it does not hold coinductively, i.e. if we replace �ind with �coind in the statement

above. Consider the following example.

Example 6.25

Using the Lam rule, one can prove · −→ λα.α : A⇒ A:

α : ⇒ A −→ α : A Lam· −→ λα.α : A⇒ A

The greatest Herbrand models of the extended program ·, A ⇒ A then contains all

ground instances of A and hence ·, A⇒ A �coind A. However, clearly · 6�coind A.

Example 6.25 concludes our discussion of program transformation methods in

the inductive case.
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Notethatthegrammarthatgivessyntaxoffirst-ordertermsisasub-grammarof

thegrammarthatgivestermsintheprevioussection.Hencethethewell-formedness

andjudgementalequalityispreserved.Tostayclosetotheusualpresentationof

untypedlogicprogramming,wewillalsoemployimplicitquantification.Weconsider

allfreevariablesinagoaltobeboundbyanimplicitexistentialquantifierandall

freevariablesinadefiniteclausetobeboundbyanimplicituniversalquantifier.

Wereconstructthenotionofanuntypedlanguagebyconsideringonlysignatures

inSigthatcontainasingletypeconstantαofkindtype.WeuseΣtodenotesuch

signatures.TermconstantsinΣoftype(Πx1:α....(Πxn:α.type)...)represent

functionsymbolsofarityn,andsimilarlytermconstantsoftype(Πx1:α....(Πxn:

α.o)...)representpredicatesymbolsofarityn.Notethat,foranuntypedlanguage,

theorderofimplicitquantifiersisunimportant.Sincethetypesincontextcannot

dependonthepreviousvariables,itiseasytoderiveadmissibilityofthestructural

ruleforswapping.Hence,theimplicitquantifierscanbearbitrarilyreordered.

Definition2.27

GivenasignatureΣ,theHerbranduniverseisthesetofallgroundtermsoverΣ.

WeuseUΣtodenotetheHerbranduniverseoversignatureΣ.

Definition2.28

LetUΣbeaHerbranduniverse.TheHerbrandbaseisthesetofallatomsconsisting

ofpredicatesymbolsinΣandgroundtermsinUΣ.

WeuseBΣtodenoteaHerbrandbaseoversignatureΣ.

Example2.29

TheHerbranduniverseUΣpairistheset{int,pair(int,int),
pair(pair(int,int),int),pair(int,pair(int,int)),...}.

TheHerbrandBaseBΣpairistheset{eq(int),eq(pair(int,int),...}.

Definition2.30(Semanticoperator)

LetPbealogicprogramoversignatureΣ.ThemappingTP:2
BΣ
→2

BΣ
isdefined
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oftheruleLp-mandonthepropertiesofthesemanticoperatorTPthatisusedto

constructtheleastHerbrandmodels.

Analternativeformulationofthecompletenessresult,thistimeinvolvingim-

plicativeformulaeandhencetheruleLamintheproof,is:

Definition6.21(Inductivecompletenessw.r.t.amodel)

IfMP�indGthenthereisaderivationofP−→e:GintheLp-m+Lamproof

system.

However,neitherofthesystemsLp-morLp-m+Lamiscompleteinthesenseof

Definition6.21.Weillustratethisbyameansofanexample.First,weconsiderthe

proofsystemconsistingsolelyoftheruleLp-m.

Example6.22

LetΣbeasignatureconsistingofaunarypredicatesymbolA,aunaryfunction

symbolfandaconstantfunctionsymbolg.LetPbethefollowingprogram:

κ1:⇒A(fx)

κ2:⇒Ag

TheleastHerbrandmodelofPisMP={Ag,A(fg),Af(fg),...}.Therefore,

P�indAx.However,neitherκ1norκ2matchesAx.Thusthereisnowayto

constructaprooftermesatisfying:

···Lp-m P−→e:Ax

WedemonstratetheincompletenessoftheproofsystemLp-m+Lamthroughthe

followingexample:

Example6.23

LetΣbeasignatureconsistingoftheunarypredicatesymbolsAandB,andaconstant

functionsymbolf.ConsideraprogramPgivenasfollows:

κ1:⇒Af

κ2:⇒Bf

110



Chapter 2: Preliminaries

as follows. Let I be a subset of BΣ.

TP(I) = {A ∈ BΣ | B1 ∧ · · · ∧Bn ⇒ A is a ground instance of a clause in P ,

and {B1, . . . , Bn} ⊆ I}

We call TP the semantic operator. The operator gives inductive and coinductive

interpretation to the logic program P .

Definition 2.31 (Least and greatest Herbrand models)

Let P be a logic program.

• The least Herbrand model is the least set MP ∈ BΣ such that

TP(MP) =MP , and

• the greatest Herbrand model is the greatest set M′
P ∈ BΣ such that

TP(M′
P) = M′

P .

That is, the least Herbrand model of P is the least fixed point of TP and the greatest

Herbrand model of P is the greatest fixed point. In general, fixed points of the

semantic operator TP are stable under formation of logical consequences of P and

models of P . By the virtue of TP being monotonous and as a consequence of Knaster-

Tarski theorem fixed points of TP form a complete lattice and both the greatest fixed

point and the least fixed point exist.

Definition 2.32

Let P be a logic program with signature Σ.

TP ↑ 0 = ∅

TP ↑ α =




TP(TP(α− 1)) , α is a successor ordinal

lub{TP ↑ β | β < α} , otherwise

24
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Proof. By structural induction on the derivation tree.

Base case: Let the derivation be

κ : A ∈ P
P −→ κ : σA

for an atomic formula A, a constant symbol κ, and a substitution σ. From the

Lemma 2.37 part a) follows that P �ind σA.
Inductive case, subcase Lp-m: Let the last step in the derivation tree be by the

rule Lp-m thus of the form

P −→ e1 : σB1 . . . P −→ en : σBn (κ : B1 ∧ . . . Bn∧ ⇒ A) ∈ P
S;P −→ κ e1 . . . en : σA

for atomic formulae A, B1, …, Bn, a proof-term symbol κ, a substitution σ and proof

term e1, …, en. From the induction assumption, for i ∈ {1, . . . , n}, P �ind σBi and

by the Lemma 2.37 part b), P �ind σA.
Subcase Lam: Let the last step of the derivation be by the rule Lam thus of the

form

P , (β1 : ⇒ B1), . . . , (βn : ⇒ Bn) −→ e : A

P −→ λβ1, . . . , βn.e : B1 ∧ · · · ∧Bn ⇒ A

for atomic formulae A, B1, …, Bn, proof term e, and variables b1, …, bn. From

the induction assumption, P , (β1 : ⇒ B1), . . . , (βn : ⇒ Bn) � A and from the

Lemma 6.18 also P �ind A.

Inductive completeness of system Lp-m + Lam

Let us comment on completeness of the calculus of Lp-m and the calculus of Lp-

m and Lam. In principle, one can consider two different variants of completeness

results for Lp-m + Lam. Recalling the standard results of Lloyd (1987), the first

formulation is:

Definition 6.20 (Inductive completeness à la Lloyd)

If a ground atomic formula A is in MP , then P −→ e : A is in the Lp-m + Lam

proof system.

Such a result can be found in (Lloyd, 1987, pp. 47-49) and follows by straightforward

induction on the construction of MP . The proof is based solely on the properties
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TP↓0=BΣ

TP↓α=




TP(TP(α−1)),αisasuccessorordinal

glb{TP↓β|β<α},otherwise

Wherelubistheleastupperboundofasetandglbisthegreatestlowerboundofa

set.

WecalltheseoperatorsordinalpowersofTP.Ordinalpowerscanbeusedtogive

standardcharacterisationofHerbrandmodels.

Proposition2.33

LetPbealogicprogram.ThenMP=TP↑ω.

Proofofthepropositioncanbefoundinliterature(Lloyd,1987,Theorem6.5,p.38).

WeemphasisethatthecharacterisationofleastHerbrandmodelsholdsingeneral.

However,aconversecharacterisationdoesnothold.

Example2.34

Considerasignatureconsistingofaunaryfunctionsymbolf,aconstanta,a

unarypredicatesymbolPandanullarypredicatesymbolQ.LetP=P(x)⇒
P(f(x)),P(y)⇒Qbeaprogramthatconsistsoftwoclauses.Oneoftheclauses

containsexistentialvariable.ThenTP↓ω=glb{TP↓β|β<ω}={Q}.However,

thissetisnotafixedpointofTPandthereisnecessaryonemoreapplicationofTP.

Indeed,TP({Q})=∅isthegreatestfixedpointofTP,thatis,M′
P=TP↓(ω+1).

Ingeneral,thecorrespondingpropertydoesnotholdforthegreatestHerbrand

modelconstruction(Lloyd,1987,p.38).However,itdoesholdwhenwerestrict

Horn-clauselogictoafragmentthatdoesnotcontainexistentialvariables.We

assumetherestrictionintheremainderofthissection.Lloyd(1987)observedthat

thisrestrictionimpliesthattheTPoperatorconvergesinatmostωstepsalthough

hedidnotprovideaproof.Westateandprovethepropertyhere.

Proposition2.35

LetPbealogicprogramwithoutexistentialvariables.ThenM′
P=TP↓ω.
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Proposition6.17

TheinferenceruleLamisadmissibleinbig-stepoperationalsemanticsofthelogic

ofhereditaryHarropformulae.

Proof.Byinductiononthenumberofclausesβ1:⇒B1,…,βn:⇒Bnusing

proposition6.13andthefactthesemanticsofthelogicofhereditaryHarropformulae

isgivenasanextensionofthesemanticsofHorn-clauselogic.

Byinspectingtheproofwecanobservethat,similarlytothesystemLp-m,

derivationsofthebig-stepsemanticscanberegardedasderivationsinthesystem

Lp-m+Lam.ThusthesystemLp-m+Lamcorrespondstoafragmentofthelogicof

hereditaryHarropformulae.Inthisfragment,programsconsistsofHornclausesand

goalsarethoseofHorn-clauselogicandgoalsintheshapeofuniversallyquantified

Hornclauses.

InductivesoundnessofsystemLp-m+Lam

WeshowthatthecalculuscomprisingtherulesLp-mandLamis(universally)

inductivelysound.

Lemma6.18

LetPbealogicprogram,letA,B1toBnbeatomicformulaeandletκ1toκnbe

proof-termsymbols.IfP,(κ1:⇒B1),...,(κn:⇒Bn)�indAthenP�ind
B1∧···∧Bn⇒A.

Proof.AssumethatP,(κ1:⇒B1),...,(κn:⇒Bn)�indA.FromDefinition

2.30thereistheleastnsuchthatforanygroundingsubstitutionτ,(τ◦σ)A∈
TP,(κ1:⇒B1),...,(κn:⇒Bn)↑n.Consideranysubstitutionσandsupposethatfor

alli,P�indσBi.Fromthedefinitionofvalidityforanygroundingτforalli,

(τ◦σ)Bi∈MPhencethereistheleastmsuchthat(τ◦σ)Bi∈TP↑m.From

theassumption,foranygroundingsubstitutionτalso(τ◦σ)A∈TP↑(n+m)and

P�indσA.HenceP�indB1∧···∧Bn⇒A.

Theorem6.19

LetPbealogicprogram,Gaformula,andeaproofterm.LetS;P−→e:Gbe

derivedusingtherulesLp-mandLam.ThenP�indG.
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Proof. By contradiction. Consider a program P and the set I = TP ↑ ω. Assume

that TP(I) 6= I. Then there is a ground atom A such that A ∈ I and A 6∈ TP(I).
Consider all clauses in P such that A is an instance of a head of such clause. Since

there are no existential variables each instance of a head uniquely identifies instances

of atoms in the body of the clause and these instances are ground. Call the set of

all such identified instances of atoms in the bodies of the clauses a support S.

Since A 6∈ TP(I) then S 6⊆ I and there is n < ω such that S 6⊆ TP ↓ n. Hence

A 6∈ TP ↓ (n + 1) and A 6∈ TP ↓ ω which is a contradiction and I is a fixed point.

For any fixed point J , J ⊆ BΣ and from monotonicity of TP follows that J ⊆ I.

Hence I is the greatest fixed point.

The above theorem provides a characterisation of greatest Herbrand models for the

class of Horn clauses without existential variables that we consider here.

The validity of a formula in a model is defined as usual.

Definition 2.36

An atomic formula is valid in a model I if and only if for any grounding substitution

σ, we have σF ∈ I. A Horn clause B1 ∧ · · · ∧ Bn ⇒ A is valid in I if for any

substitution σ, if σB1, …, σBn are valid in I then σA is valid in I.

We use the notation P �ind F to denote that a formula F is valid in MP and

P �coind F to denote that a formula F is valid inM′
P .

Lemma 2.37

Let P be a logic program and let σ be a substitution. The following holds:

1. If ( ⇒ A) ∈ P then both P �ind σA and P �coind σA.

2. If, for all i, P �ind σBi and (B1 ∧ · · · ∧Bn ⇒ A) ∈ P then P �ind σA.

3. If, for all i, P �coind σBi and (B1 ∧ · · · ∧Bn ⇒ A) ∈ P then P �coind σA.

Proof. a) Let P be a logic program such that ( ⇒ A) ∈ P . By Definition 2.30

of the semantic operator, for any grounding substitution τ , τA ∈ TP(MP). Since

MP is a fixed point of TP also τA ∈MP and by definition of validity of a formula,

P �ind A and also, for any substitution σ, P �ind σA. Since we do not use the fact

thatMP is the least fixed point the proof of the coinductive case is identical.

b) Let P , A, B1, …, Bn be as above. Assume, for all i, P �ind Bi whence, for

all i, for any grounding substitution σ, σBi ∈ MP . By Definition 2.30 of semantic
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for atomic formulae A, B1, …, Bn, a proof term symbol κ, a substitution σ and proof

term e1, …, en. From the induction assumption, for i ∈ {1, . . . , n}, P �ind σBi and

by the Lemma 2.37 part b), P �ind σA.

This is a standard result that can be found in literature (Lloyd, 1987). We include

a proof since the rule Lp-m also plays a crucial role in the coinductive fragment

of type class resolution, as will be discussed in Sections 6.3 and 6.4. We believe

that it is illustrative to compare structure of this proof with and the proofs of the

appropriate lemmata in those sections.

6.2.2 Proof system Lp-m + Lam

A natural extension of the proof system Lp-m is the extension with a rule that

allows us to prove implicative goals.

Definition 6.15

Let P be a program, A, B1 to Bn atoms, e a proof term and β1 to βn proof variables.

The calculus of extended type class resolution is given by rule Lp-m and the following

rule:
P , (β1 : ⇒ B1), . . . , (βn : ⇒ Bn) −→ e : A

P −→ λβ1, . . . , βn.e : B1 ∧ · · · ∧Bn ⇒ A
(Lam)

We illustrate the use of the Lam rule by an example.

Example 6.16

Let P = (κ1 : A ⇒ B), (κ2 : B ⇒ C). Both the least and the greatest Herbrand

model of P are empty. Equally, no formulae can be derived from the program by the

Lp-m rule. However, we can derive A⇒ C by using a combination of the Lam and

Lp-m rules:

α : A ∈ P, (α : ⇒ A)

P, (α : ⇒ A) −→ α : A

P, (α : ⇒ A) −→ κ1 α : B

P, (α : ⇒ A) −→ κ1 α : C
LamP −→ λα.κ2 (κ1 α) : A⇒ C

When there is no label on the right-hand side of an inference step, inference proceeds

by Lp-m rule. We follow this convention throughout the rest of this chapter.

Again, the we relate the proof system to the big-step semantics:
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operator,σA∈TP(MP).SinceMPisafixedpointalsoσA∈MPandP�indσA.
c)Notethattheproofofb)doesnotmakeanyuseofthefactthatMPisthe

leastfixedpoint.Thereforeusetheproofsofb)mutatismutandis.

Discussion

LetusmakeanoteonsomepropertiesofgreatestHerbrandmodels.Theproper-

tieswilldriveourchoiceofcoinductivemodelsinouranalysisinChapter6.The

literature(Lloyd,1987)offerstwokindsofgreatestHerbrandmodelconstruction

forlogicprograms.ThegreatestHerbrandmodelofaprogramPisobtainedasthe

greatestfixedpointofthesemanticoperatorTPontheHerbrandbaseofP,i.e.on

thesetofallfinitegroundatomicformulaeformedinthesignatureoftheprogram

P.ThegreatestcompleteHerbrandmodelofaprogramPisobtainedasthegreat-

estfixedpointofthesemanticoperatorT′
PonthecompleteHerbrandbase.The

completeHerbrandbaseisdefinedasthesetofallfiniteandinfinitegroundatomic

formulaeformedinthesignatureoftheprogramP.Usually,greatestcomplete

Herbrandmodelsarepreferredintheliteratureoncoinductioninlogicprogram-

ming(KomendantskayaandJohann,2015,Lloyd,1987,Simonetal.,2007).There

aretworeasonsforsuchbias:first,T′
Preachesitsgreatestfixedpointinatmostω

stepsduetocompactnessofthecompleteHerbrandbase.TPdoesnotpossesthis

propertyingeneralaswedemonstratedinExample2.34.However,theprohibition

ofexistentialvariablesweimposeonHornclausesmeansthatthegreatestHerbrand

modelsregainthesameadvantage.ThisisthesubjectofProposition2.35.

2.4NamelessLogicalFramework

Standardexpositionsofatypetheoryusevariablenames.However,variablenames

carryaburdenwhenimplementingsuchatypetheory.Forexample,typesneed

tobecheckeduptoα-equivalenceofboundvariablesandfreshnamesneedtobe

introducedinordertoexpandtermstoη-longform.InChapter5,wecommittoa

versionofLogicalFramework(LF)(Harperetal.,1993)asourchoiceoffirst-order

dependenttypetheorythatusesdeBruijnindicesinsteadofexplicitnames;wecall

suchLFnameless.TheusedeBruijnindicesallowsustoavoidtheaboveproblems
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κint:eqint∈PPair

PPair−→κint:eqint

κint:eqint∈PPair

PPair−→κint:eqintκint:eqint∈PPair

PPair−→κpairκintκint:eq(pairintint))

DerivationsoftypeclassresolutioncanbereproducedinthesemanticsofHorn-

clauselogicwegaveinSection3.1:

Proposition6.13

TheinferenceruleLp-misadmissibleinbig-stepoperationalsemanticsofHorn-

clauselogic.

Proof.ByinductiononlengthofthebodyoftheclauseB1∧...∧Bn⇒A.

Moreover,prooftermsthatareentailedinthebig-stepsemanticsofHorn-clauselogic

canberegardedasderivationsinthesystemLp-mascanbeobservedbyinspecting

theproofofProposition6.13.Thatis,thesystemgivenbytheinferenceruleLp-

mcorrespondstotheproof-relevantbig-stepoperationalsemanticsofHorn-clause

resolutionwegaveinSection3.1.Forthepurposeofdiscussionofsoundnessofthe

systemLp-mweunderstandthatthejudgementofbig-stepoperationalsemantics

isrestrictedtoHorn-clauselogic.

InductivesoundnessofsystemLp-m

TheentailmentinExample6.12isinductivelysound,i.e.itissoundwithrespect

totheleastHerbrandmodelofPPair.

Theorem6.14

LetPbeaprogram,eaproofterm,andAanatom.LetP−→e:Ahold.Then

P�indA.

Proof.Bystructuralinductiononthederivationoftheentailment.

Basecase:Letthederivationbe

κ:A∈P
P−→κ:σA

foranatomicformulaA,aprooftermsymbolκ,andasubstitutionσ.From

Lemma2.37parta)followsthatP�indσA′.

Inductivecase:Letthelaststepinthederivationoftheentailmentbe

P−→e1:σB1...P−→en:σBnκ:B1∧···∧Bn⇒A∈P
P−→κe1...en:σA′

106



Chapter 2: Preliminaries

when checking the equality of terms and types and when synthesising new terms

and types. In this section, we present syntax and typing judgements of nameless

LF. Our presentation follows Harper and Pfenning (2005) but employs de Bruijn

indices and explicit substitutions (Abadi et al., 1990) instead of names.

2.4.1 Syntax

The LF is a first-order dependent type theory. The syntax is separated into three

levels of objects. There are separate levels of kinds, of types and of terms.

We use natural numbers in N for de Bruijn indices ι, ι1, . . . , and we denote

successor by σ(−). We assume countably infinite disjoint sets C of term constants,

and A of type constants. We denote elements of C by c, c′, etc., and elements of A
by α, β, etc. We define terms, types, and kinds as well as signatures and contexts of

LF.

Definition 2.38

t 3M,N ::= c | N | AM | λA.M terms

T 3 A,B ::= α | AM | ΠA.B types

K 3 L ::= type | ΠA.L kinds

Sig 3 S ::= · | S, c : A | S, α : L signatures

Ctx 3 Γ ::= · | Γ, A contexts

Terms consist of term constants, de Bruijn indices, function application and function

abstraction. We use identifiers M , N to denote terms in t. Types consists of type

constants, type application, and formation of dependent type family. We do not

consider type level abstraction. Note that this does not decrease expressive power

of the calculus (Geuvers and Barendsen, 1999). We use identifiers A, B to denote
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6.2 Inductive Type Class Resolution

In this section, we describe the inductive fragment of the calculus for the extended

type class resolution that was introduced by Fu et al. (2016). We show that inference

rules of this calculus are admissible in the framework of Chapter 3. We reconstruct

the standard theorem of universal inductive soundness for the resolution rule. We

consider an extended version of type class resolution, working also with implicative

goals rather than working just with atomic formulae. We show that the resulting

proof system is inductively sound, but coinductively unsound; we also show that it is

incomplete. Based on these results, we discuss the program transformation methods

that arise.

6.2.1 Proof system Lp-m

First, we give semantics of type class resolution using the syntax of proof-relevant

Horn-clause resolution.

Definition 6.11 (Type class resolution)

Let P be a program, A, B1 to Bn atoms, σ a substitution, and e, e1 to en proof

terms. The calculus of type class resolution is given by the following single rule:

P −→ e1 : σB1 · · · P −→ en : σBn (e : B1 ∧ · · · ∧Bn ⇒ A) ∈ P
P −→ e e1 . . . en : σA

(Lp-m)

If, for a given atomic formula A, a given proof term e, and a given program P ,
P −→ e : A is derived using the Lp-m rule we say that A is entailed by P and that

the proof term e witnesses this entailment. The signature S of the logic program P
does not play a role in the inference rule and we keep it implicit. We will do so for

signatures in the rest of this chapter.

Example 6.12

Recall the logic program PPair in Example 1.3. The inference steps for resolution of

the goal eq (pair int int) correspond to the following derivation tree in the calculus

of Definition 6.11.
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typesinT.Kindsareatechnicaldevicetoclassifytypesandincludeadistinguished

kindtypeandthekindofdependenttypefamilies.WeusetheidentifierLto

denotekindsinK.Signaturesstoreinformationabouttypesandkindsassigned

totermandtypeconstantsrespectively.Contextsstoreinformationabouttypesof

variables.SinceweusedeBruijnindicesforvariables,variablenameisnotstored

inacontext.WeuseSforsignaturesandΓforcontexts.Weuseparenthesisfor

thesakeofreadabilityasisstandard.

Example2.39

Letbooland≡boolbetypeconstants.Lettt,ff,andreflbetermconstants.Then

Πbool.(Πbool.type)isakind,Πbool.((≡bool0)0)isatype,and(λbool.refl0)tt

andreflttareterms.

Also,·,bool:type,tt:bool,ff:bool,≡bool:Πbool.(Πbool.type)isa

signatureand·,boolisacontext.

Explicitsubstitutions(Abadietal.,1990)aremanipulatedusingtwooperations.

Shiftingrecursivelytraversesaterm,atype,orakindandincreasesallindices

greaterthenιbyone.

Definition2.40(Shifting)

Termandtypeshifting,denotedby(−)↑
ι

isdefinedasfollows:

c↑
ι
=c

(λA.M)↑
ι
=λA↑

ι
.M↑

σι

(MN)↑
ι
=(M↑

ι
)(N↑

ι
)

ι↑
0
=σι

0↑
σι
=0

σι↑
σι′

=σ(ι↑
ι′
)
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λα1.....λαnandprooftermapplications(e1(...(em)...))respectivelywherenand

mareknownfromthecontextorareunimportant.

Restriction1ofDefinition6.3requiresthatHornclausesinalogicprogramdo

notoverlap,i.e.headsoftheHornclausesintheprogramdonotunify.However,

anauxiliarygoalinanimplicativeshapemaybeproveninthecourseofcorecursive

typeclassresolutionandaddedtotheprogram.Suchformulamayoverlapwith

otherclausesintheprogram—onlyHornclausesintheoriginalprogram,thatis

Hornclausesthatoriginateastypeclassinstances,aresubjecttorestriction1.

Example6.10

IntheprograminExample6.8theHornformulaeqx∧⇒eq(bushx)canbe(coin-

ductively)provenwiththerecursiveprooftermκbush′=να.λβ.κ2β(α(αβ)).Ifwe

addthisHornclausetotheprogramPBushweobtainaproofofeq(bushint)by

applyingκbush′toκint.

Inthecaseofimplicativequeriesitisevenmorechallengingtounderstand

whethertheobtainedproofisindeedsound:whetherinductively,coinductivelyor

inanyothersense.InSection6.4,weestablishcoinductivesoundnessforproofsof

suchimplicativequeriesrelativetothegreatestHerbrandmodelsoflogicprograms.

Namely,wedeterminethatproofsthatareobtainedbyextendingtheproofcon-

textwithcoinductivelyprovenHornclausesarecoinductivelysoundbutinductively

unsound.Thisresultcompletesourstudyofthesemanticpropertiesofcorecursive

typeclassresolution.Sections6.2and6.4summariseourargumentsconcerningthe

inductiveandcoinductiveincompletenessofcorecursivetypeclassresolution.

Inthefollowingsections,wewillgraduallyintroduceinferencerulesforproof-

relevantcorecursiveresolutionthatwasgiveninFuetal.(2016)asadmissibleinthe

calculusweexposedinChapter3intheinductivecaseandasaproperextensionof

thecalculusinthecoinductivecase.Westartwithitsinductivefragment,i.e.the

fragmentthatissoundrelativetotheleastHerbrandmodels,andtheninsubsequent

sectionsconsideritstwocoinductiveextensions(whicharebothsoundwithrespect

tothegreatestHerbrandmodels).
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α↑ι = α

(ΠA.B)↑ι = λA↑ι .B ↑σι

(AM)↑ι = (A↑ι)(M ↑ι)

Substitution with a term N and index ι replaces indices that are bound by the ι-th

binder while updating remaining indices. The index ι is increased when traversing

under a binder.

Definition 2.41 (Substitution)

Term and type substitution, denoted by (−)[N/ι] is defined as follows:

c[N/ι] = c

(λA.M)[N/ι] = λA[N/ι].M [N ↑0 /σι]

(M1M2)[N/ι] = (M1[N/ι])(M2[N/ι])

0[N/0] = N

0[N/σι] = 0

σι[N/0] = σι

σι[N/σι′] = σ(ι[N/ι′])

α[N/ι] = α

(ΠA.B)[N/ι] = λA[N/ι].B ↑0 [N/σι]

(AM)[N/ι] = (A[N/ι])(M [N/ι])

Shifting with a greater index than zero and substitution for other indices than zero

will not be needed in many cases. For the sake of readability we introduce the
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eq (bush int) (eq (bush int))κbush: _  ∗ eq int ∧ eq (bush (bush int)) 

(eq int)κint: _ ∧ eq (bush (bush int)) ∗ eq (bush (bush int)) 

(eq (bush (bush int)))κbush: _  ∗ eq int ∧ eq (bush (bush (bush int)) 

(eq int)κint: _ ∧ eq (bush (bush (bush int)) ∗

eq (bush (bush (bush int)) . . .

Fu et al. (2016) have recently introduced an extension to corecursive type class

resolution that allows implicative goals to be proved by corecursion and uses the

recursive proof term construction. Implicative goals require that we extend the

language we use for representing logic programs. The shape of these goals is always

that of Horn clauses, as will be stated formally by the inference rule Lam below. We

could define a proper syntactic class to exactly capture these extended goals but we

will opt out for the syntax of the logic of hereditary Harrop formulae we introduced

in Section 3.2 of Chapter 3. Consecutively, proof terms then contain λ-abstraction.

However, in order to study corecursive resolution, we need to extend the syntax of

proof terms to allow for recursive proof terms.

Definition 6.9 (Recursive proof terms)

PT 3 e := · · · | νκ.e proof terms

Proof terms are extended with a new syntactic construct, ν abstraction, that repre-

sents recursion. The ellipsis in the definition are to be understood as the appropriate

syntactic constructs of Definition 3.23 in Chapter 3. In this chapter, we refer to re-

cursive proof terms as proof terms. We keep the use of the identifier e for proof

terms. We further use identifiers α, β for proof-term symbols that are subject to

ν abstraction. A proof term e is in guarded head normal form (denoted gHNF(e)),

if e = λα.κ e where α and e denote (possibly empty) sequences of abstraction
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followingabbreviations:

Definition2.42

A↑
def
=A↑

0

M↑
def
=M↑

0

A[N]
def
=A[N/0]

M[N]
def
=M[N/0]

Wedemonstrateshiftingandsubstitutiononanexample.

Example2.43

Considertheterm(refl0).Shiftingofthistermwithindexzero(refl0)↑
0

is

theterm(refl1).Asubstitutionofthetermttforvariable0inthistermthatis

(refl0)[tt/0]isthetermrefltt.

Well-formednessofobjectsintroducedbyDefinition2.38isstatedbyameansof

severaljudgements.Inparticular,wegiveequalityinnamelessLFasalgorithmic,

followingHarperandPfenning(2005).Inordertodosowedefinesimplekinds,

simpletypes,simplesignatures,andsimplecontexts.

Definition2.44

K−3κ::=κ|τ→κsimplekinds

T−3τ::=a|τ→τsimpletypes

Sig−3S−::=·|S−,c:τ|S−,a:κsimplesignatures

Ctx−3∆::=·|∆,τsimplecontexts

31

Chapter6:TypeClassResolution

Example6.7

Theformulaeq(evenListint)isnotintheleastHerbrandmodelofthelogicpro-

gramPEvenOddinExample6.5butitisinthegreatestHerbrandmodeloftheprogram.

Similarlytotheinductivecase,corecursivetypeclassresolutioniscoinductively

incomplete.Considertheclauseκinf:px⇒p(fx).Thisclausemaybegivenan

interpretationbythegreatest(complete)Herbrandmodels.However,corecursive

typeclassresolutiondoesnotyieldinfiniteproofs.

Unfortunately,thesimplemethodofcycledetectiondoesnotworkforallnon-

terminatingprograms.Insomecases,typeclassresolutiondoesnotterminatebut

doesnotexhibitcycleseither.Weillustratethisbehaviourusinganexamplethat

originatesinworkofFuetal.(2016),theadaptationisbyFarkaetal.(2016).

Example6.8(Farkaetal.(2016))

ConsideradatastructureBushanditscorrespondinginstancefortypeclassEq:

dataBusha=Nil

|Consa(Bush(Busha))

instanceEqa,Eq(Bush(Busha))⇒Eq(Busha)where

eqNilNil=True

eq(Consxxs)(Consyys)=eqxy&&eqxsys

Horn-clausepresentationoftypeclassdeclarationsfordatastructureBushisgiven

bytheprogramPBush:

κbush:eqx∧eq(bush(bushx))⇒eq(bushx)

κint:⇒eqint

Thederivationbelowshowsthatnocyclesarisewhenweresolvethegoaleq(bushint)

againsttheprogramPBush:
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Algorithmic statement of equality uses simple types and simple kinds rather than

types and kinds as there are no dependencies on terms. We use identifiers κ for

simple kinds, τ for simple types, S− for simple signatures and ∆ for simple contexts.

The erasure from objects to corresponding simple objects, denoted (−)− is defined

as follows:

Definition 2.45 (Erasure)

(type)− = type

(ΠA.L)− = (A)− → (L)−

(α)− = α

(ΠA.B)− = (A)− → (B)−

(AM)− = (A)−

We conclude exposition of syntax of nameless LF with an example of simple

kinds, simple types and simple signatures and contexts.

Example 2.46

Consider constants given in Example 2.39. Then bool→ (bool→ type) is a simple

kind and bool → ≡bool is a simple type. These are results of erasure on kinds and

types given in Example 2.39.

Also, ·, bool : type, tt : bool, ff : bool,≡bool : bool → (bool → type) is a

simple signature and ·; bool is a simple context.

2.4.2 Typing and equality

Typing judgements of nameless LF and equality of objects are defined mutually.

We call these judgements commonly well-formedness judgements. The notion of

equality we consider is weak algorithmic equality (we refer to Harper and Pfenning

(2005) for details).
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A non-terminating small-step resolution trace is given by:

eq (evenList int) (eq (evenList int))κevenList:_  ∗

eq int ∧ eq (oddList int) (eq int)κint:_ ∧ eq (oddList int) ∗

eq (oddList int) (eq (oddList int))κoddList:_  ∗

eq int ∧ eq (evenList int) (eq int)κint:_ ∧ eq (evenList int) ∗

eq (evenList int) . . .

The goal eq (evenList int) is simplified using the clause κevenList to goals eq int

and eq (oddList int). The first of these is discarded using the clause κint. Res-

olution continues using the clauses κoddList and κint, resulting in the original goal

eq (evenList int). It is easy to see that such process could continue infinitely and

that this goal constitutes a cycle (underlined above).

As suggested by Lämmel and Peyton Jones (2005), the compiler can terminate

an infinite inference process as soon as it detects all cycles. Moreover, it can also

construct the corresponding proof term in a form of a recursive function.

Example 6.6 (Fu et al. (2016))

The infinite resolution trace in Example 6.5 is captured by a proof term

να.κevenListκint(κoddListκintα)

where ν is a fixed point operator that binds the variable α, which will be formally

defined below. The intuitive reading of such proof term is that an infinite proof of

the goal eq (evenList int) exists, and that its shape is fully specified by the recursive

function given by the term above.

We say that the proof is given by corecursive type class resolution. Corecursive type

class resolution is not inductively sound. However, as we prove in Section 6.3, it is

(universally) coinductively sound, i.e. it is sound relative to the greatest Herbrand

models.
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S;Γ`L:kind

S`ΓctxK-ty S;Γ`type:kind

S;Γ`A:typeS;Γ,A`L:kind
K-Π-intro S;Γ`ΠA.L:kind

Figure2.6:Well-formednessofnamelesskinds

S;Γ`A:L

S`Γctxα:L∈ST-con S;Γ`α:L

S;Γ`A:typeS;Γ,A`B:type
T-Π-intro S;Γ`ΠA.B:type

S;Γ`A:ΠB.LS;Γ`M:B′S−;Γ−`B
B′:type−
T-Π-elim S;Γ`AM:L[M]

Figure2.7:Well-formednessofnamelesstypes

Thewell-formednessofjudgementsare:

•S;Γ`L:kindforLawell-formedkind,

•S;Γ`A:LforAawell-formedtypeofakindL,

•S;Γ`M:AforMawell-formedtermofatypeA,

•S−;∆`A1
A2:κforA1andA2beingequaltypesofasimplekindκ,

•S−;∆`M1
M2:τforM1andM2beingequaltermsofasimplekindτ,

and

•M
whr
−→M′foratermMweakheadreducestotermM′.

Definition2.47

Thewell-formednessjudgementsforkinds,types,andtermsaregivenbyinference

rulesinFigures2.6,2.7,and2.8.

Thejudgementsdefinedintheabovedefinitiondependonthefollowingtwo

judgements:

•`SsigforSwell-formedsignature,and

•S`ΓctxforΓwell-formedcontextinsignatureS.

Definition2.48

Thewell-formednessofsignaturesandcontextsisgivenbyinferencerulesinFig-
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Example6.4(Farkaetal.(2016),Fuetal.(2016))

Considerthefollowingmutuallydefineddatastructuresthatrepresentlistsofodd

andevenlength:

dataOddLista=OConsa(EvenLista)

dataEvenLista=Nil|EConsa(OddLista)

ThelistsgiverisetothefollowinginstancedeclarationsfortheEqclass:

instance(Eqa,Eq(EvenLista))⇒Eq(OddLista)where

eq(OConsxxs)(OConsyys)=eqxy&&eqxsys

instance(Eqa,Eq(OddLista))⇒Eq(EvenLista)where

eqNilNil=True

eq(EConsxxs)(EConsyys)=eqxy&&eqxsys

eq__=False

ThefollowingfunctiontriggerstypeclassresolutionintheHaskellcompilerwith

goaleq(evenListint):

test::Eq(EvenListInt)⇒Bool

test=eqNilNil

Forsomedatastructures,resolvingatypeclassinstancethatisnecessarytotype-

checkafunctionleadstoacycle.Thegoalthatrepresentsthetypeclassinstanceis

simplified,possiblyinseveralsteps,usinginstancedeclarationsintosubgoalssuch

thatoneofthesubgoalsisidenticalwiththeoriginalgoal.

Example6.5(LogicprogramPEvenOdd,Farkaetal.(2016))

ConsidertheHorn-clauserepresentationofthetypeclassinstancedeclarationsin

Example6.4:

κoddList:eqx∧eq(evenListx)⇒eq(oddListx)

κevenList:eqx∧eq(oddListx)⇒eq(evenListx)

κint:⇒eqint
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S; Γ `M : A

S ` Γ ctx c : A ∈ S conS; Γ ` c : A

S ` Γ, A ctx zeroS; Γ, A ` 0 : A↑

S; Γ ` ι : A succS; Γ, B ` σι : A↑

S; Γ ` A : type S; Γ, A `M : B
Π-introS; Γ ` λA.M : ΠA.B

S; Γ `M : ΠA.B S; Γ ` N : A′ S−; Γ− ` A
 A′ : type
Π-elimS; Γ `MN : B[N ]

Figure 2.8: Well-formedness of nameless terms

ure 2.9.

Example 2.49

Let S be the signature we introduced in Example 2.39. Then λ bool . refl 0 is a

well-formed term of type Π bool .≡bool 0 in the signature S and an empty context.

We show a part of a derivation of the judgement.

S ` · ctx
bool : type ∈ S
S; · ` bool : type

· · ·
S; ·, bool ` refl

: Π bool .(≡bool 0) 0

· · ·
S; ·, bool ` tt

: bool

S; ·, bool `
bool
 bool : type

S; ·, bool ` refl 0 : (≡bool 0) 0

S; · ` λ bool . refl 0 : Π bool .≡bool 0

Ellipsis stand for omitted parts of the judgement, which can be constructed in a

straightforward manner.

The above example demonstrates the fact that the well-formedness judgements of

terms, types and kinds, of signatures and contexts, and the equality judgements

are mutually recursively defined. In the next part we discuss judgements defining

equality of objects in nameless LF.

Equality

We consider algorithmic equality as the notion of equality for its convenience in

formalisation in Chapter 5. Equality of terms is informally decided as follows:

• two terms of function type are equal if their η-expansions are equal,
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In literature, there restrictions are known as Paterson Conditions (Sulzmann

et al., 2007). We include a formulation of Paterson Conditions on instance declara-

tions as restrictions of Horn-clause programs for the purpose of referring to particular

restrictions in the remainder of this chapter:

Definition 6.3 (Instance restrictions)

A logic program P = D1, . . . , Dn adheres to Paterson Conditions if

1. for all i 6= j, Di does not unify with Dj, and

2. for all i, Di does not contain existential variables.

These restrictions guarantee that type class inference computes the principal (most

general) type. Restrictions 1 and 2 of Definition 6.3 amount to deterministic in-

ference by resolution, in which only one derivation is possible for every goal. Note

that our characterisation of greatest Herbrand model (Proposition 2.35) employed

the restriction 2. Restriction of SLD resolution to term matching means that no

substitution is applied to a goal during inference, i.e. we prove the goal in an im-

plicitly universally quantified form. In order to accompany for this restriction, we

treat any variables in Haskell type class goals as Skolem constants in the calculus

of proof-relevant resolution, i.e. as fresh constant symbols of the appropriate type.

Such treatment allows us to stay within the model theory of Horn-clause logic we

defined in Chapter 2.

It is a standard result that (as with SLD resolution) type class resolution is in-

ductively sound, i.e. that it is sound relative to the least Herbrand models of logic

programs (Lloyd, 1987). Moreover, in Section 6.2 we establish that it is also univer-

sally inductively sound, i.e. that if a formula A is proved by type class resolution,

every ground instance of A is in the least Herbrand model of the given program.

In contrast to SLD resolution, however, type class resolution is inductively incom-

plete, i.e. it is incomplete relative to least Herbrand models, even for the class of

Horn clauses that is subject to restrictions 1 and 2 of Definition 6.3. For example,

given a clause ⇒ q(f(x)) and a goal q(x), SLD resolution is able to find a proof (by

instantiating x with f(x)), but type class resolution fails.

Lämmel and Peyton Jones (2005) have suggested an extension to type class

resolution that accounts for some non-terminating cases of type class resolution.
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`Ssig

`·sig

`SsigS;·`L:kinda6∈S
`S,a:Lsig

`SsigS;·`A:typec6∈S
`S,c:Asig

S`Γctx

`Ssig
S`·ctx

S`ΓctxS;Γ`A:type

`S;Γ,Actx

Figure2.9:Well-formednessofsignaturesandcontexts

•twotermsofbasetypeareequaliftheirweakhead-normalformsareequal,

and

•twotermsofbasetypeinweakhead-normalformareequaliftheirheadsare

equalandthecorrespondingargumentsareequal.

Thisdefinitionofequalityrequireddiscriminatingbetweenobjectsoffunction

typeandobjectsofbasetype.However,informationabouttermsisnotnecessary

andtheequalitycanbedefinedusingsimpletypes.Weproceedwithdefinitionof

weakhead-reduction.

Definition2.50

WeakheadreductionisgivenbyinferencerulesinFigure2.10.

Thedefinitionofequalityfollowsthestructurewegaveintheinformalaccount.The

type-directedphaseisgivenasajudgementcalledalgorithmicequality.Itcarries

outreductionofeitherofthetermsthataresubjecttoequalityjudgement,η-

expansionoftermsoffunctiontype,andreductiontoequalityofweakhead-normal

forms.Equalityofweakhead-normalformsisgivenasajudgementcalledstructural

equality.

Definition2.51

Algorithmicequalityoftermsandstructuralequalityoftermsaredefinedbyinference

rulesinFigures2.11and2.12respectively.
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instance(Eqx,Eqy)⇒Eq(x,y)where

eq(x1,y1)(x2,y2)=eqx1x2&&eqy1y2

instanceEqIntwhere

eqxy=primitiveIntEqxy

IntheIntroduction,weobservedthattheinstancedeclarationsresembleHorn

clausesinthefollowinglogicprogram:

Example6.2(Fuetal.(2016))

κpair:eqx∧eqy⇒eq(pairxy)

κint:⇒eqint

Resolvingtypeclassinstancefortype(Int,Int)thenresemblesSLDresolution

ofthegoalpair(int,int).Despitetheapparentsimilarityoftypeclasssyntaxand

typeclassresolutiontoHornclausesandSLDresolutiontheyarenot,however,

identical.Typeclassandinstancedeclarationsaresubjecttocertainrestrictions.

Atthesyntacticlevel,typeclassinstancedeclarationscorrespondtoarestricted

formofHornclauses,namelyonesthatdonotoverlap(i.e.whoseheadsdonot

unify);andthatdonotcontainexistentialvariables(viz.Definition2.19).At

thealgorithmicleveltypeclassresolutioncorrespondstoSLDresolutioninwhich

unificationisrestrictedtoterm-matching;assumingthereisaclause

B1∧...∧Bn⇒A′

thenagoalA′canberesolvedwiththisclauseonlyifAcanbematchedagainst

A′,i.e.ifasubstitutionσexistssuchthatA=σA′.Incomparison,SLDresolution

incorporatesunifiers,aswellasmatchers,i.e.italsoproceedstoresolvetheabove

goalandclauseinallthecaseswhereσA=σA′holds.Letusnoteatthispoint

that,similartothepreviouschapter,weunderstandthatallprogramclausesare

implicitlyuniversallyquantified.

98



Chapter 2: Preliminaries

M
whr−→M ′

(λA.M)N
whr−→M [N ]

M
whr−→M ′

MN
whr−→M ′N ′

Figure 2.10: Weak head reduction of terms

S−; ∆ `M ⇔M ′ : τ

M
whr−→M ′ S−; ∆ `M ′ ⇔ N : τ

S−; ∆ `M ⇔ N : τ

N
whr−→ N ′ S−; ∆ `M ⇔ N ′ : τ

S−; ∆ `M ⇔ N : τ

S−; ∆ `M ↔ N : τ

S−; ∆ `M ⇔ N : τ

S−; ∆, τ1 ` (M ↑) 0⇔ (N ↑) 0 : τ2

S−; ∆ `M ⇔ N : τ1 → τ2

Figure 2.11: Algorithmic equality of terms

The notion of equality of types is simplified due to the fact that we do not con-

sider abstraction on the level of types. The absence of abstraction means there is no

need for weak head reduction on the level of types and equality comprises decom-

posing of function type into equality of types and decomposing of type application

into equality of types and equality of term arguments. We refer to the equality as

weak algorithmic equality.

Definition 2.52

Weak algorithmic equality of types is defined by inference rules in Figure 2.13.

We conclude this section with an example concerning equality.

Example 2.53

Consider the signature S we introduced in Example 2.39. Then the term (λ bool . refl 0) tt

is equal to term refl tt in the simple signature S− and an empty simple context.

The following is a derivation of the equality judgement.
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6 Type Class Resolution

In this chapter we demonstrate a use of proof-relevant resolution for the purpose

of semantical analysis of programming languages. Our use case is type class reso-

lution. Type class resolution is commonly understood to correspond to first-order

Horn-clause resolution. Recently, several corecursive extensions to type classes have

been proposed (Fu and Komendantskaya, 2017, Fu et al., 2016, Lämmel and Pey-

ton Jones, 2005). The corecursive type-class resolution calculus of Fu and Komen-

dantskaya (2017) falls outside of Horn-clause logic as it in fact uses implicational

shape of goals to handle coinductive assumptions. Hence, in this chapter we employ

both Horn-clause logic and the logic of hereditary Harrop formulae to capture type-

class resolution. We expose, in a compositional manner, the calculus of type class

resolution and, as its extensions, two calculi of corecursive type class resolution.

We show that type class resolution is inductively sound with respect to least Her-

brand models; that the corecursive extensions are coinductively sound with respect

to greatest Herbrand models of logic programs; and that the corecursive extensions

are inductively unsound. Further, we establish incompleteness results for fragments

of the proof system.

6.1 Type Class Mechanism

In this section we summarise the type class mechanism. Recall our running example

that we used in the Introduction.

Example 6.1 (Farka et al. (2016), Fu et al. (2016), Hall et al. (1996))

The the class Eq and its instances for pairs and integers are defined as follows:

class Eq a where

eq : : a → a → Bool
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S−;∆`M↔N:τ

`Ssig
S−;∆,τ`0↔0:τ

S−;∆`ι↔ι′:τ

S−;∆,τ′`σι↔σι′:τ

`Ssigc:τ∈S−

S−;∆`c↔c:τ

S−;∆`M1↔N1:τ2→τ1S−;∆`M2⇔N2:τ2
S−;∆`M1M2↔N1N2:τ1

Figure2.12:Structuralequalityofterms

S−;∆`A
A′:κ

`Ssigα:κ∈S−

S−;∆`α
α:κ

S−;∆`A
B:τ→κS−;∆`M⇔N:τ

S−;∆`AM
BN:κ

S−;∆`A1
B1:typeS−;∆,(A1)−`(A2↑)
(B2↑):type
S−;∆`(ΠA1.A2)
(ΠB1.B2):type

Figure2.13:Weakalgorithmicequalityoftypes
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(λ bool . refl 0) tt

whr−→ refl tt

· · ·
` S sig

refl : ≡bool

∈ S−

S−; · ` refl↔ refl

: bool→ ≡bool

· · ·
` S sig tt : bool ∈ S−

S−; · ` tt↔ tt : bool

S−; · ` refl tt↔ refl tt : ≡bool

S−; · ` refl tt⇔ refl tt : ≡bool

S−; · ` (λ bool . refl 0) tt⇔ refl tt : ≡bool

We omit derivations of well-formedness of the signature for the sake of brevity. This

is denoted by ellipsis.
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5.5. Related Work

of this interpretation of generated goals and programs makes it feasible to adjust

the refinement calculus for different type theories.

Type inference in type theory with dependent types is an undecidable problem

(Dowek, 1993). However, a relaxation thereof, type refinement, is common in ex-

isting languages based in type theory with dependent types. A bi-directional type

inference algorithm that depends on constraint solving has been implemented for

the Agda interactive prover (Norell, 2007). More recent work by Asperti et al.

(2012) on type inference in type theory for the Matita theorem prover also employs

a bi-directional approach. However, this algorithm is based on rewriting rather than

constraint solving. A similar approach to refinement has been taken by Brady (2013)

in the dependently typed programming language Idris. Pientka (2013) presented a

type reconstruction algorithm for LF and Beluga.

Currently implemented systems (cf. Pientka, 2013) make use of a bidirectional

approach to type checking. That is, there are separate type checking and type

synthesis phases. The key difference between these systems and our own work

is that we do not explicitly discuss bidirectionality. Combining this with a clear

identification of atomic formulae with judgements, and Horn clauses with inference

rules, in our opinion, makes the presentation significantly more accessible. However,

bidirectionality in our system is still implicitly present, albeit postponed to the

resolution phase. As future work, we intend to analyse structural resolution (Fu

and Komendantskaya, 2017) for the generated goals. We intend to show that the

matching steps in the resolution correspond to type checking in the bidirectional

approach whereas resolution steps by unification correspond to type synthesis.
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Inthischapter,weintroducethetheoryofproofrelevantresolution.Wedevelopthe

theoryinseveralsteps.First,wegivebig-step(uniformproof-relevant)operational

semanticsandasmall-stepoperationalsemanticsofHorn-clauselogic.Westate

soundnessofthesmall-stepsemanticsrelativetothebig-stepsemantics.Thenwe

introducethelanguageofhereditaryHarropformulaebyextendinggoalsanddefinite

clausesofHorn-clauselogic.Weextendthebig-stepandthesmall-stepsemantics

accordingly.

3.1Horn-ClauseLogic

First,weextendthenotionofprograms.Programsarecollectionsofclausesthatare

annotatedwithatomicproof-termsymbolsinasetK.Weuseκtodenotesymbols

inK.

Definition3.1(Programs)

P3P:=·|P,κ:Dprograms

WeusenotationP1,P2foraprogramP1,κ1:D1,...,κn:DnwhereP2=·,κ1:

D1,...,κn:Dn.Intuitively,weassumethatprogramsconsistsonlyofwell-formed

definiteclauses.Thisformallytranslatesintoawell-formednessjudgementforpro-

grams.

Definition3.2

Well-formednessofprogramsS`PisgivenbyinferencerulesinFigure3.1.

Weimplicitlyassumethatallproof-termsymbolsinaprogramareunique.
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(Farkaetal.,2018)andthesourcecodecanbefoundonline1.Mostimportantly,we

formaliseddefinitionsofnamelessLF.TheexportedCoqdefinitionswerethenused

informalisationofdecidabilityoftherefinementcalculus.Animplementationof

translationfromtheextendedlanguagetologicprogramsandgoalsandanimple-

mentationofafunctioninterpretingprooftermswasobtainedfromformalproofs

viacodeextractionintoOCaml.Aparserwasextractedfromtheformalisation

ofthegrammar.Thetranslationoutputslogicprogramsandgoalssuitableforan

externalresolutionengine.WeusedathinlayerofOCamlcodetoconnectthe

generatedcodewithELPI(Dunchevetal.,2015),aλProloginterpreterthatweuse

tosimulateproof-relevantresolutionintheuniversalfragmentofHorn-clauselogic.

5.5RelatedWork

AlthoughwespecificallyworkwithLF(Harperetal.,1993,HarperandPfenning,

2005),ourworkrelatesingeneraltotypeinferenceintypedλ-calculi.Astandard

approachtotypeinferenceinthesimplytypedlambdacalculusistheHM(X)al-

gorithm(Oderskyetal.,1999).Essentially,thisalgorithmtraversestheabstract

syntaxtreeandgeneratesconstraintsinaspecificconstraintdomainX.Then,a

solverforXisemployed.StuckeyandSulzmann(2002)presentedthetypeinfer-

encealgorithmHM(X)intermsofconstraintlogicprogramming(Sulzmannand

Stuckey,2008).AnothermodificationoftheconstraintsolvingapproachtoHM

typeinferenceistheinferencealgorithmOutsideIn(X)by(Vytiniotisetal.,2011),

whichhasbeenusedfortypeinferenceintheGlasgowHaskellCompiler(GHC).

IdeasunderlyingourworkoriginateintheworkofStuckeyandSulzmann(2002)on

HM(X)typeinferenceas(constraint)logicprogramming.Therearetwokeydiffer-

ences.First,inourworkweconsiderdependenttypes.Otherapproaches,suchas

thatofSulzmannandStuckeydonotgiveamotivationfortheshapeofgenerated

logicgoalsandprograms.

Wemakeexplicitthatatomicformulaerepresentjudgementsofthetypetheory

andthattheprogramoriginatesononehandfrominferencerulesofthetypetheory

andontheotherfromasignatureofaterm.Webelievethataclearidentification
1https://github.com/frantisekfarka/slepice
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S ` P

` S
S ` ·

S ` P S; · ` D : o

S ` P , κ : D

Figure 3.1: Well formedness of programs

Example 3.3

Recall Example 1.3. The program

PPair = ·, κpair : ∀x : int.∀y : int.eqx⇒ eq y ⇒ eq (pairx y), κint : eq(int)

is a program . PPair consists of clauses that are well-formed in signature SPair and

is well-formed, or SPair ` PPair.

Note that the well-formedness judgement for programs admits implicit syntactic

validity property:

Proposition 3.4

If S ` P then ` S.

Proof. By induction on derivation of the judgement.

Further, the properties of Propositions 2.14 and 2.22 concerning weakening of

signature can be extended to programs.

Proposition 3.5

If S1,S2; Γ ` P and ` S1, c : A,S2 then S1, c : A,S2; Γ ` P.

Proof. By induction on the program using Proposition 2.22, Part 1.

Since programs consists of definite clauses that are well-formed in an empty

context, programs and program clauses are stable under substitution:

Proposition 3.6

1. If S ` P1, κ : D,P2 then S ` P1, κ : D[M/x],P2.

Proof. By induction on the program using Proposition 2.23.
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Theorem 5.25 (Soundness of interpretation)

Let M be a term in the extended syntax with signature S. Let P and GM be a

program and a goal such that S, · ` (GM |A) and S `Prog P respectively. Let ρ, R

be a substitution and a proof term assignment for proof term e computed by proof-

relevant resolution such that S;P ` · | GM  · | e. Then if there is a solution for a

well-formed term, then there are solutions (ρ′, R′) and (ρ′′, R′′) such that (ρ′, R′)M

is a well-formed term and

(ρ′′, R′′)((ρ, pRq)M) = (ρ′, R′)M

Proof. Generalise the statement of the theorem for an arbitrary well-formed context

Γ. By simultaneous induction on derivation of the well-formedness judgement of

(ρ′, R′)M and derivation of S;P ` · | G · | e. The theorem follows from the

generalisation.

Theorem 5.25 guarantees that the refinement computed in Examples 5.18–5.24

is well typed in the internal language. That is, there is a derivation of the following

judgement:

S; ·, maybeA tt ` elimmaybeA tt 0 (λ tt≡bool ff . elim≡bool
0)

: (tt≡bool tt)→ A→ A)→ A

We omit the actual derivation of the judgement. However, note that it can be

easily reconstructed in a similar way as the intended interpretation of proof terms

is computed in Definition 5.23. For example, in case of our running example, the

subterm δeqT of the proof term gives derivation of the definitional equality that is

necessary to verify application of elim≡bool
to index 0.

5.4 Implementation

We formalised the results in this chapter using the Ott tool (Sewell et al., 2010)

and the Coq theorem prover. The formalisation was reported in a published paper
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S;P−→e:G

S;P−→e:G[M/x]S;∅`M:A

S;P−→〈M,e〉:∃x:A.G

Figure3.2:Rightintroductionrule

3.1.1Big-stepoperationalsemantics

Nowwecometodefinitionofthebig-stepsemantics.Sinceoursemanticsisproof-

relevant,weneedtoprovideadefinitionofproofterms:

Definition3.7(Proofterms)

PT3e:=κ|ee|〈M,e〉proofterms

Prooftermsconsistofaproof-termsymbolinK,anapplication,andofanexistential

witness〈−,−〉.WeusetheidentifieretodenoteprooftermsinPT

Thesemanticswegiveisessentiallythesemanticsofuniformproofs(Millerand

Nadathur,2012)thatisinstrumentedwithproofterms.Thatis,therearetwo

judgements,S;P−→e:G,andS;P
e1:D1
−→e:A.Thesejudgementsutilisetheidea

of“logic-formulaeassearch”.Thefirstjudgementcorrespondtoright-introduction

rulesofthelogicalconnective∃insequentcalculusforintuitionisticlogicandde-

composesthegoalthatisthesubjectofthejudgement.Whenthegoalcannot

befurtherdecomposed(i.e.itisanatomicformula),aprogramclauseisselected

andthesecondjudgementisusedtodecomposetheselectedclausetosubgoals.The

secondjudgement,calledbackchaining,correspondstoleft-introductionrulesofcon-

nectives⇒and∀anddecomposestheselectedprogramclauseintosubgoals.Wesay

thattheproofterme1andtheclauseD1annotatethejudgementS;P
e1:D1
−→e:G.

Conversely,e1istheannotatingprooftermandD1istheannotatingclause.

Definition3.8(Operationalsemantics,big-step)

ThejudgementsS;P−→e:GandS;P
e1:D1
−→e:AaregiveninFigures3.2and3.3

respectively.

Letusillustratethebig-stepsemanticsusingasimpleexample.Weintroduce
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thecomputedsubstitutioncanbeuseddirectly.Theinterpretationofthecomputed

assignmentofprooftermsdependsonassignmentofatomicprooftermsymbolsin

theprogramPe.Wedefineamappingthatgivestheintendedinterpretation:

Definition5.23(Interpretationofproofterms)

Wedefineinterpretationofprooftermsp−q:PT→Tasfollows:

pκσδδιδ′q=σpδιq

pκprojδιq=pδιq

pκT-elimδMδNδδ′q=pδMqpδNq

pκT-introδAδδBq=ΠpδAq.pδBq

pκt-elimδAδMδδ′q=pδAqpδMq

pκt-introδAδδMδ′q=λpδAq.−−−→ pδ
Mq

pκ0q=0

pκcq=c

pκaq=a.

Weextendp−qtoassignmentsofidentifierstosubtermsofaprooftermthat

areboundbytheidentifiers.Weusepeqtodenotethisassignment.

Example5.24

InExample5.22,thecomputedprooftermboundtoδbisinterpretedasfollows:

pκelimκelim≡boolκ0δeqTq=elim≡bool0

Hence,theoriginalproblemisrefinedtoelimmaybeAtt0(λA.elim≡bool0)whilethe

computedtypeis((tt≡booltt)→A→A)→A.

Finally,theaboveinterpretationallowsustostatethesoundnessofoursystem:
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Chapter 3: Proof-Relevant Resolution

S;P e′:D−→ e : A

S;P e:A−→ e : A

S;P −→ e1 : A1 S;P ee1:D−→ e2 : A2

S;P e:A1⇒D−→ e2 : A2

S;P κ:D−→ e : A κ : D ∈ P
S;P −→ e : A

S;P e:D[M/x]−→ e2 : A2 S; · `M : A1

S;P e:∀x:A1.D−→ e2 : A2

Figure 3.3: Backchaining rules

a signature that allows us to encode facts about natural numbers. The signature

contains function symbols z and s that denote zero and successor respectively. The

signature further contains a predicate nat that has one argument and denotes that

its argument is a natural number. We discuss several goals that are formed in this

signature and show their big-step resolution derivations.

Example 3.9

Let S be the following signature:

S = a : type, z : a, s : a→ a, nat : a→ o

The predicate nat is given an interpretation by the following program:

P = κz : nat z,

κs : ∀x : a.nat x⇒ nat (s x)

First, consider a well-formed goal nat z. The goal is resolved with the proof term κz:

S;P κz :nat z−→ κz : nat z κz : nat z ∈ P
S;P −→ κz : nat z

Similarly, a well-formed goal nat (s z) is resolved with the proof term κs κz.
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resolves as follows:

· | G ∗ · | δb : term(?b, A, (Γ1, tt≡bool ff)

The computed substitution assigns (Π(Π(tt≡bool tt).(Π A . A)). A to the logic vari-

able ?B7, which occurs in G. We now show the trace for the remaining goal

?b : term(?b, A, tt≡bool ff : Γ1). Given the clauses of Example 5.20, a resolu-

tion trace that computes a proof term that is bound to identifier δb can be given as

follows:

?a : t | term ?a A (Γ1, tt≡bool ff) 

?a : t | (term ?a A (Γ1, tt≡bool ff))
κelim:_  

?a1
: t, ?a2

: t, ?a′
2
: t, ?A : T, ?B′ : T | κelim (term (?a1

?a2
) (Π?A.?B′) (Γ1, tt≡bool ff)∧

term ?a′
2
?A Γ1 ∧ eqT ?B4

?B′ type (Γ1, tt≡bool ff)) 

?a1
: t, ?a2

: t, ?a′
2
: t, ?A : T, ?B′ : T | κelim ((term (?a1

?a2
) (Π?A.?B′) (Γ1, tt≡bool ff))

κelim≡bool∧

term ?a′
2
?A Γ1 ∧ eqT ?B4

?B′ type (Γ1, tt≡bool ff)) 

?a′
2
: t | κelim κelim≡bool

((term ?a′
2
(tt≡bool ff) (Γ1, tt≡bool ff)∧

eqT (tt≡bool ff) (tt≡bool ff) type (Γ1, tt≡bool ff))) 

?a′
2
: t | κelim κelim≡bool

(((term ?a′
2
(tt≡bool ff) (Γ1, tt≡bool ff))

κ0∧

eqT (tt≡bool ff) (tt≡bool ff) type (Γ1, tt≡bool ff))) 

· | κelim κelim≡bool
κ0

(eqT (tt≡bool ff) (tt≡bool ff) type (Γ1, tt≡bool ff)) ∗

· | κelim κelim≡bool
κ0 δeqT

Above, we omit writing full derivation of the last goal but denote the result as δeqT .

The assignment to the logic variable ?A is A and the subterm of the computed proof

term that is bound to δb is κelimκelim≡bool
κ0δeqT where the subterm δeqT is a witness

of the appropriate type equality.

Since we have used types and terms of nameless LF to define our atomic formulae,
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..

.
S;P−→κz:natzS;P

κsκz:nat(sz)
−→κsκz:nat(sz)

S;P
κs:−
−→κsκz:nat(sz)S;·`z:a

S;P
κs:−
−→κsκz:nat(sz)κs:∀x:a.natx⇒nat(sx)∈P

S;P−→κsκz:nat(sz)

Notethatweomitresolutionofthegoalnatzasitwasgivenabove.Weabbreviate

theannotatingclauseκs:∀x:a.natx⇒nat(sx)toκs:−.Finally,letusconsider

agoal∃x:a.nat(sx)thatcontainsanexistentiallyquantifiedvariable.Usingthe

previoustwoderivations,thebig-stepresolutionofthegoal,thatisaderivationof

judgementS;P−→e:∃x:a.nat(sx)iscarriedoutasfollows:

...
S;P−→κsκz:nat(sz)

z:a∈S
S;·`z:a

S;P−→〈z,κsκz〉:∃x:a.nat(sx)

Theprooftermethatwitnessesresolutionofthegoal∃x:a.nat(sx)insignatureS
andprogramPise=〈z,κsκz〉.

Letusdiscussanexamplewithaprogramclausethatcontainsanesteduni-

versallyquantifiedvariable.InterminologyofMillerandNadathur(2012),inthis

particularcasethisisan“essentiallyexistentiallyquantifiedvariable”,thatisa

universallyquantifiedthatgetsinstantiatedinthecourseofresolution.

Example3.10(Essentiallyexistential)

ConsiderasignatureS:

S=a:type,p:o,q:a→o,c:a

AprogramPconsistsoftwoclauses:

P=κp:∀x:a.qx⇒p,

κq:qc

Considerresolutionofthegoalpinthebig-stepsemantics.Aderivationofthe

judgementS;P−→e:pforaprooftermeisconstructedasfollows:
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intoplay.

5.3Proof-RelevantResolutionandSoundness

AswehaveshowninExample5.8,weutiliseaproof-relevantresolutionwedescribed

inChapter3astheinferenceengineforsolvingrefinementproblems.However,for

thepurposeofthischapterweextendthesyntaxofgoalsinsuchawayastoallow

usidentifysubtermsofthecomputedprooftermthatcorrespondtoatomicgoals.

Thiswillallowustorefertothesesubtermsforthepurposeofinterpretationof

prooftermsaswell-formednessjudgementsoftheinternallanguage.Weassume

aninfiniteset∆ofprooftermidentifiers.Weuseidentifiersδ,δ1etc.todenote

identifiersin∆.Wealterdefinitionofgoalssuchthatanatomicgoalisassigned

withanidentifierin∆.

Definition5.21

G3G:=δ:A|...goals

Inthecourseofresolution,whenanatomicsubgoalδ:Aisresolvedwithasubterm

eoftheproofterm,weuseδtorefertoeandwesaythatδisboundtoe.We

omitδinnotationofgoalswherethisidentifierisnotusedlaterforreferringtothe

computedsubterm.

AssumethatGandPareagoalandaprogramthatoriginatefromarefinement

problemMinsignatureS.AnanswersubstitutionforGcomputedbyPprovides

asolutiontothetype-levelmetavariablesinM.Similarlythecomputedassignment

ofprooftermstoproofvariablesprovidesasolutiontotheterm-levelmetavariables

inM.

Wecontinuewithourrunningexample,buildinguponExamples5.11–5.20.

Example5.22(Proof-relevantResolutionTrace)

Theresolutiontraceofourexampleisratherlong,andweshowonlyafragment.

Supposethatinseveralsmallsteps,denotedby ∗,thegoalGgiveninExample5.18
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S;P κq :q c−→ κq : q c κq : q c ∈ P
S;P −→ κq : q c S;P κp κq :p−→ κp κq : p

S;P κp:q c⇒p−→ κp κq : p S; · ` c : a

S;P κp:∀x:a.q x⇒p−→ κp κq : p κp : ∀x : a.q x ⇒ p ∈ P
S;P −→ κp κq : p

Example 3.10 illustrates an essential feature of the big-step semantics. Namely,

instances of unification variables need to be given beforehand and moreover, these

instances need to be terms that are well-formed in an empty context. This effectively

means that goals resolved in the big-step semantics need to be well-formed and

ground. We state this result formally as the following proposition:

Proposition 3.11

1. If S;P −→ e : G and G is well-formed, S;P ` G : o, then e is ground, i.e.,

var(e) = ∅.
2. If S;P e′:D−→ e : A and var(e′) = ∅ and A is well-formed, S;P ` A : o, then e

is ground, i.e., var(e) = ∅.

Proof. By simultaneous structural induction on derivations.

Part 1

• Let the derivation step be S;P −→ e : B[M/x] S; ∅ `M : A

S;P −→ 〈M, e〉 : ∃x : A.B
. Since

S; ∅ `M : A then also var(M) = ∅ and from Part 2 of the proposition follows

that var(e) = ∅. Hence, var(〈M, e〉) = ∅.
• Let the derivation step be S;P κ:D−→ e : A κ : D ∈ P

S;P −→ e : A
. The var(e) = ∅

follows from Part 2 of the proposition and the fact that var(κ) = ∅.
Part 2

• Let the derivation step be S;P e:A−→ e : A . From the assumption, var(e) = ∅.

• Let the derivation step be S;P −→ e1 : A1 S;P e e1:D−→ e2 : A2

S;P e:A1⇒D−→ e2 : A2

. From

Part 1 of the proposition follows that var(e) = ∅. From this fact and from the

assumption var(e e1) = ∅, using the induction hypothesis, we conclude that

var(e2) = ∅.

• Let the derivation step be S;P e:D[X/M ]−→ e2 : A2 S; · `M : A1

S;P e:∀X:A1.D−→ e2 : A2

. From

Part 1 of the proposition, var(e) = ∅.
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that the judgement S; Γ1;M
′ ` (G | ?B7) holds:

G = > ∧> ∧ eqT (Π bool .(Π(maybeA 0T ).(Π(Π(2T ≡bool ff). A).(Π(Π(3T ≡bool tt).

(Π A . A)). A))))(Π bool .?B1) (Π type .?L1) Γ1 ∧ (?B1 [tt /0T ] ≡ ?B2) ∧ >∧

eqT ?B2 (Π(maybeA tt).?B3) (Π type .?L2)Γ1 ∧ (?B3 [0Γ/0T ] ≡ ?B4)∧

type ?A ?L3 Γ1 ∧ term ?b ?A1 (Γ1, ?A) ∧ eqK ?L3 type Γ1 ∧ (?A1 [0T/0Γ] ≡ ?B5)∧

eqT ?B4 (Π(Π?A.?B5).?B6 ,Πtype.?L5) Γ ∧ (?B6 [(λ?A.?b)/0T ] ≡ ?B7)

That is, the type of M ′ will be computed as a substitution for logic variable ?B7 and

resolving the goal in small steps also computes assignments to ?A and ?b.

Proposition 5.19 (Decidability of program construction)

Let S be a signature. Then inference rules in Figure 5.4 construct the program P
such that S `Prog P.

We develop our running example further to illustrate the proposition:

Example 5.20 (From a signature to a program)

The signature S contains the constant elim≡bool
hence the generated program contains

the clause:

κelim≡bool
: term elim≡bool

(Π tt≡bool ff . A) type ?Γ ⇐

The following clauses come from the program Pe and represent inference rules of

the internal language:

κ0 : term 0 ?A (?Γ, ?A′) ⇐ ?A′ ↑ ≡ ?A

κelim : term (?a?b) ?B ?Γ ⇐ term ?a (Π?A.?B′) ?Γ ∧ term ?b ?A ?Γ∧

eqT ?B ?B′ type ?Γ ∧ (?B′ [?b] ≡ ?B)

Example 5.18 shows unresolved meta-variables in the goal, and Example 5.20 gives a

program against which to resolve the goal. Now the proof-relevant resolution comes
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Althoughprovidingonlygroundanswersubstitutionsissufficientfromthepoint

ofviewoftraditionallogicprogramming,itisnotsufficientforourintendedappli-

cation.Inthetraditionallogicprogrammingdomainsareconsideredtobeinhabited

(cf.Lloyd,1987)whereasweseekapplicationsintypetheorywhereemptydomains

oftenplayimportantrole.Also,thebig-stepsemanticsdoesnotprovideacompu-

tationaldevice,itdoesnotprovideanyinsightintohowtoimplementaresolution

enginethatadherestosuchsemantics.Weaddresstheseshortcomingsbyintroduc-

ingasmall-stepoperationalsemantics.Thissemanticwillbebothmoregeneral,

allowingfornon-groundanswersubstitutions,anddetailedenoughtoallowfora

directimplementation.

3.1.2Small-stepoperationalsemantics

Ourexpositionofthesmall-stepoperationalsemanticsofresolutioninHorn-clause

logicgeneralisestheoriginalpresentationofproof-relevantresolutiongivenbyFu

andKomendantskaya(2017).Weincorporateunificationintoresolutionwhereas

FuandKomendantskayawereworkingonlywithmatching.Small-stepsemantics

isexpressedintheformofmixedtermsandrewritingcontexts.Inthesmall-step

semantics,mixedterms,whichconsistofbothprooftermsandgoalsthathavenot

beenresolvedyet,allowtoexpressanintermediatestateofcomputation.Rewriting

contextsallowtoformallyidentifyaparticulargoalintheintermediatestateofthe

computationthatissubjecttoacomputationstep.

Definition3.12(Mixedtermsandrewritingcontexts)

MT3ê,ê′,ê
1,ê2:=κ|G|êê|〈M,ê〉mixedterms

R3C,C′:=κ|•|eC|〈M,C〉rewritingcontexts

Weuseidentifiersê,ê′,ê1,andê2formixedtermsinMTandidentifiersCandC′

forrewritingcontextsinR.Clearly,everyprooftermisamixedterm.Weextend

substitutiontomixedterms.

Definition3.13
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S`ProgP

·`ProgPe

S`ProgP
S,c:A`ProgP,κc:termcA?Γ←,κshiftc:(c↑

0
≡c)←,

κsubstc:c[?M/0]≡c←,κeqs
c:eq

s
(c,c,A,?Γ)←

S`ProgP
S,a:L`ProgP,κshiftα:(α↑

0
≡α)←,κsubstα:α[?M/0]≡α←,

κeqT:eqTααL?Γ←,κeqaα:eq
a
?N?Mα?Γ←eq

s
?MNαΓ

Figure5.4:Refinementofsignatures

Definition5.16(Refinementprogram)

ThejudgementS`ProgPisgivenbytheinferencerulesofFigure5.4.

TheFigure5.4givesdefinitionofsignaturerefinement.Therefinementjudgement

ofasignatureintoaprogramconcludesourtransformationofrefinementproblem

intoagoalandaprogram.

Theorem5.17(Decidabilityofgoalconstruction)

LetMbearefinementprobleminawell-formedsignatureSandawell-formed

contextΓsuchthatasolution(ρ,R)exists.TheninferencerulesinFigures5.2and

5.3constructthegoalGandtheextendedtypeAsuchthatS;Γ;M`(G|A).

Proof.Byinductiononthederivationofthewell-formednessjudgementof(ρ,R)(M).

Thenextexampleillustratestheconstructionofarefinementgoal.

Example5.18(Fromanextendednamelesstermtoagoal)

LetustaketherefinementproblemM′=(elimmaybeAtt0)(λ?A.?b)andtheimplicit

contextandsignaturefromExample5.11.ByTheorem5.17wecangenerateGsuch
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κ[M/x] = κ

G[M/x] = G[M/x]

ê1 ê2[M/x] = (ê1[M/x]) (ê2[M/x])

〈N, ê〉[M/x] = 〈N [M/x], ê[M/x]〉

Rewriting contexts are used in the definition of the small-step semantics as a

device to identify a subterm of a mixed term where the computational step happens.

More precisely, a mixed term that is subject of a judgement of the small-step se-

mantics is decomposed into a rewriting context with a hole • in the position of such

subterm and the subterm itself. We introduce an operation of hole replacement, de-

noted −{−}. Hole replacement replaces a hole in a rewriting context with a mixed

term. Hole replacement allows us manipulating rewriting contexts in definition of

the small-step semantics.

Definition 3.14

κ{ê} = κ

•{ê} = ê

(ê1C){ê} = ê1 (C{ê})

〈M,C〉{ê} = 〈M,C{ê}〉

A result of hole replacement with a mixed term in a rewriting context is a mixed

term. We say that a mixed term ê′ identifies a rewriting context C in a mixed term

ê if C{ê′} = ê. Conversely, ê′ is the identifying mixed term for C. We state the

following property about identification of rewriting contexts:

Proposition 3.15

If C1{G} = C2{ê} then there is a unique C ′ such that ê = C ′[G].

Proof. By induction on C1 and C2. The compatible cases are:

• C1 = • and C2 = •. Then ê = G and C ′ = •.
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Finally, there are clauses that represent shifting and substitution on terms and types:

κshiftTtintro : (Π?A.?M)↑ι ≡ (Π?A′ .?M ′)⇐ ?A ↑ι ≡ ?A′ ∧ ?M ↑σι ≡ ?M ′

κshiftTtintro : (λ?A.?M)↑ι ≡ (λ?A′ .?M ′)⇐ ?A ↑ι ≡ ?A′ ∧ ?M ↑σι ≡ ?M ′

κshifttelim : (?M?N)↑ι ≡ (?M ′?N ′)⇐ ?M ↑ι ≡ ?M ′ ∧ ?N ↑ι ≡ ?N ′

κshifttgt : ι↑0 ≡ σι⇐

κshifttpred : 0↑σι ≡ 0⇐

κshifttstep : σι↑σι′ ≡ σι′′ ⇐ ι↑ι′ ≡ ι′′

κsubstTintro : (Π?A.?M)[?N/ι] ≡ (Π?A′ .?M ′)⇐ (?A[?N/ι] ≡ ?A′) ∧ (?N ↑0 ≡ ?′N)

∧ ?M [?′N/σι] ≡ ?M ′

κsubstintro : (λ?A.?M)[N/ι] ≡ (λ?A′ .?M ′)⇐ (?A[ι/?A′ ] ≡) ∧ (?N ↑0 ≡ ?′N)

∧ ?M [?′N/σι] ≡ ?M ′

κsubsttelim : (?M1?M2)[?N/ι] ≡ (?M ′
1
?M ′

2
)⇐ ?M1 [?N/ι] ≡ ?M ′

1
∧ ?M2 [?N/ι] ≡ ?M ′

2

κsubstz : 0[?N/0] ≡ ?N ⇐

κsubsts : 0[?N/σι] ≡ 0⇐

κsubstgt : σι[?N/0] ≡ σι⇐

κsubstpred : σι[?N/σι
′] ≡ σι′′ ⇐ ι[?N/ι

′] ≡ ι′′

The clauses in Definition 5.15 correspond to judgements in Figures 2.7–2.9 and

Figure 2.10. They are direct translations of the inference rules of nameless LF in

these figures. The judgement S `Prog P extends Pe with a clause for each type and

term constant in S and initialises shifting and substitution with term and type-level

constants as constant under the operation.
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S;P`Γ|ê Γ′|ê′

S;P`Γ|C{A}
κ:D
 Γ′|ê

S;P`Γ|C{A} Γ′|ê

S;P`Γ,Y:A|C{〈Y,G[Y/x]〉} Γ′|ê
S;P`Γ|C{∃x:A.G} Γ′:A|ê′

Figure3.4:Rightintroductionrules,small-step

•C1=ê′C′
1andC2=•.Thenê=ê′C′

1{G}andC′=êC1.

•C1=ê′C′
1andC2=ê′C′

2.ThenC′
1{G}=C′

2{ê}andfrominductionhypoth-

esisthereisuniqueC′suchthatê=C′{G}.
•C1=〈M,C′

1〉andC2=〈M,C2〉.ThenC′
1{G}=C′

2{ê}andfrominduction

hypothesisthereisuniqueC′suchthatê=C′{G}.

Weproceedwithdefinitionoftheactualsmall-stepsemantics.Similarlytothe

big-stepsemantics,thesmall-stepsemanticsisdefinedusingtwojudgements,

•S;P`Γ|ê Γ′|ê′,and
•S;P`Γ|ê

ê′′:D
 Γ′|ê′.

Thefirstjudgementcorrespondstoright-introductionrulesoflogicalconnectives

andproceedsonmixedtermsinshapesofgoals.Theotherjudgement,whichwe

againcallbackchaining,isannotatedwithaprooftermandadefiniteclauseand

correspondstoleft-introductionrulesoflogicalconnectives.Goalsandatomicgoals

identifyrewritingcontextsinthesenseweintroducedabove.Thisalsomotivates

ourstatementofProposition3.15.

Definition3.16(Operationalsemantics,small-step)

ThejudgementsS;P`Γ|ê Γ′|ê′,andS;P`Γ|ê
ê′′:D
 Γ′|ê′aregivenby

inferencerulesinFigures3.4and3.5.

NotethatPisnotchangedbytheinferencerules.However,itwillchangelater

whenweextendthelogic.ThuswekeepPexplicittomaintainthesameshapeof

judgementsthroughoutthethesis.

LetusnowshowhowthegoalinExample3.9resolvesinthesmall-stepseman-

tics.Notethatwedonotprovideaproperderivationinsmall-stepsemanticsasitis
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micandstructuralequalityofterms,andweakheadreductionofterms:

κeqTintro:eqT(Π?A1.?A2(Π?B1.?B2)type?Γ⇐eqT?A1?B1type?Γ)∧

eqT?A2?B2type(?Γ,?A1)

κeqTelim:eqT(?A?M)(?B?N)?L?Γ⇐eqT?A?B(Π?C.?L)?Γ∧eq
a
t?M?N?C?Γ

κeqtzero:eq
s
t0Γ0Γ,?A(?Γ,?A)⇐

κeqtsucc:eq
s
t(σ?ιΓ)(σ?ι′Γ)?A(?Γ,?B)⇐eq

s
t?ιΓ?ι′Γ?A?Γ

κeqtrefl:eq
s
t?a?a?A?Γ⇐

κeqtelim:eq
s
t(?M1?M2)(?N1?N2)?B?Γ⇐eq

s
t?M1?N1(Π?A.?B)?Γ∧eq

a
t?M2?N2?B?Γ

κeqtwhrl:eq
a
t?M?N?A?Γ⇐whr?M?M′∧eqt?M′?N?A?Γ

κeqtwhrr:eq
a
t?M?N?A?Γ⇐whr?N?N′∧eq

a
t?M?N′?A?Γ

κeqtstr:eq
a
t?M?N?A?Γ⇐eq

s
t?M?N?A?Γ

κeqtexp:eq
a
t?M?N(Π?A.?B)?Γ⇐(?M↑≡?M′)∧(?N↑?N′)∧

eq
a
t(?M′0)(?N′0)?B(?Γ,?A)

κwhrs:whr(λ?A.?M)?N?M′⇐?M[?N/0]≡?M′

κwhrh:whr(?M?N)(?M′?N)⇐whr?M?M′
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S;P ` Γ | ê ê′′:D Γ′ | ê′

S; Γ ` σ : Γ′ S; Γ′ ` σA ≡ σA′ : o

S;P ` Γ | C{A} ê:A′
 Γ′ | σ(C{ê})

S;P ` Γ | C{A} ê1 A1:D Γ′ | ê
S;P ` Γ | C{A} ê1:A1⇒D Γ′ | ê

S;P ` Γ, Y : A1 | C{A2}
ê1:D[Y/x] Γ′ | ê

S;P ` Γ | C{A2} ê1:∀x:A1.D Γ′ | ê
Figure 3.5: Backchaining rules, small-step

rather lengthy but indicate only rewriting of the identified goals in the course of com-

putation. We superscript the identified goals with the annotating mixed term and

the annotating definite clause, that is we will write, e.g., Γ | C{Ae:A}  Γ | C{e}
for

S; Γ ` {} : Γ S; Γ ` {}A ≡ {}A : o

S;P ` Γ | C{A} e:A Γ | C{e}
. Occasionally, when several resolu-

tions steps are straightforward, we will omit them and write Γ | ê  ∗ Γ′ | ê′ for
Γ | ê Γ1 | ê1  . . . Γn | ên  Γ′ | ê′ in order to simplify presentation.

Example 3.17

Resolving the goal ∃x : a.nat (sX) in S and P:

· | ∃x : a.nat (s x) Z : a | 〈Z, nat (sZ)〉 

Z : a | 〈Z, (nat (sZ))κs:∀x:a.nat x⇒nat (s x)〉 

Z : a, Y : a | 〈Z, (nat (sZ))κs:nat Y⇒nat (s Y )〉 

Z : a, Y : a | 〈Z, (nat (sZ))κs (nat Y ):nat (s Y )〉 

Z : a | 〈Z, κs (natZ)〉 

Z : a | 〈Z, κs (natZ)
κz :nat z〉 

· | 〈z, κsκz〉

Similarly, the goal in Example 3.10 can be resolved using the small-step semantics

as well.
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that are generated from a signature S. The clauses that represent inference rules of

LF are the same for all programs and Definition 5.15 gives a minimal program Pe

that contains only these clauses.

Definition 5.15

Let Pe be a program with clauses that represent inference rules for well-formedness

of terms and types:

κtrue : > ⇐

κ0 : proj 0 ?A (?Γ, ?A′)⇐ (?A′ ↑ ≡ ?A)

κσ : proj (σ ?ι) ?A (?Γ, ?B)⇐ proj ?ι ?A′ ?Γ ∧ (?A′ ↑ ≡ ?A)

κproj : type ?ι ?A type ?Γ ⇐ proj ?ι ?A ?Γ

κT-elim : type (?A ?M) ?L ?Γ ⇐ type ?A (Π?A1 .?L′) ?Γ ∧ term ?M ?A2 ?Γ∧

eqT ?A1 ?A2 type ?Γ ∧ (?L′ [?M ] ≡ ?L)

κT-intro : type (Π?A.?B) type ?Γ ⇐ type ?A type ?Γ ∧ type ?B type (?Γ, ?B)

κt-elim : term (?M ?N) ?B ?Γ ⇐ term ?M (Π?A1 .?B′) ?Γ ∧ term ?N ?A2 ?Γ∧

eqT ?A1 ?A2 , type, ?Γ ∧ (?B′ [?N ] ≡ ?B)

κt-intro : term (λ?A.?M)(Π?A.?B)?Γ ⇐ type ?A type ?Γ ∧ term ?M ?B ?Γ)

Further, there are clauses that represent weak algorithmic equality of types, algorith-
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3.1.Horn-ClauseLogic

Example3.18

ConsidersignatureSandprogramPinExample3.10.Thegoalpisresolvedin

small-stepsemanticswithprooftermκpκq:

·|p ·|p
κp:(∀x:a,qx)⇒p

 X:a|p
κp:qX⇒p

 X:a|p
κp(qX):p

 X:a|κp(qX) 

X:a|κp(qX)
κq:qc

 ·|κpκq

However,assumethatweincludeanewclause,κq′:∀y:a.qy.Thefollowingisa

validsmall-stepresolution:

·|p ·|p
κp:(∀x:a,qx)⇒p

 X:a|p
κp:qX⇒p

 X:a|p
κp(qX):p

 X:a|κp(qX) 

X:a|κp(qX)
κq′:∀y:a.qy X:a,Y:a|κp(qX)

κq′:qY
 X:a|κpκq′

Thatis,thegoalisnotresolvedinanemptycontextbutinacontextthatconsists

ofasinglevariableX.

Wehaveintroducedthebig-stepandthesmall-stepsemanticsofproof-relevant

resolution.Beforewemovetoadiscussionofsoundnessofthesmall-stepsemantics,

westatealemmathatwillberequiredinthefollowingdevelopment.

Lemma3.19(Subderivations)

1.IfS;P`Γ|C{ê} Γ′|ê′thenthereisamixedtermê′′andasubstitution

θsuchthatê′=(θC){ê′′}andS;P`Γ|ê Γ|ê′′

2.IfS;P`Γ|C{ê}
ê1:D1
 Γ′|ê′thenthereisamixedtermê′′andasubstitution

θsuchthatê′=(θC){ê′′}andS;P`Γ|ê
ê1:D1
 Γ|ê′′

Proof.Bysimultaneousstructuralinductiononthederivationandtherewriting

context.

Part1Thecompatiblecasesare:

•LetthederivationbeoftheshapeS;P`Γ|C1{A}
κ:D
 Γ′|ê′

S;P`Γ|C1{A} Γ′|ê′andthe

rewritingcontextoftheshapeC=eC2.ByProposition3.15,thereisa
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S;Γ;M`(G|A)

c:A∈Sr-con S;Γ;c`(>|A)
r-t-meta S;Γ;?a`(?a:term?a′?AΓ|?A)

r-zero S;Γ,A;0`(A↑≡?A|?A)

S;Γ;ι`(G|A)r-succ S;Γ,B;σι`(G∧(A↑≡?A)|?A)

S;Γ;A`(GA|L)S;Γ,A;M`(GM|B)
r-λ-intro S;Γ;λA.M`(GA∧GM∧(eqKLtypeΓ)|ΠA.B)

S;Γ;M`(GM|A)S;Γ;N`(GN|A2)
r-λ-elim S;Γ;MN`(GM∧GN∧(eqTA(ΠA2.?B)typeΓ)

∧(?B[N]≡?B′)|?B′)

Figure5.2:Refinementofterms

S;Γ;A`(G|L)

a:L∈Sr-tcon S;Γ;a`(>|L)
r-T-meta S;Γ;?A`(type?A?LΓ|?L)

S;Γ;A`(GA|L1)S;Γ,A;B`(GB|L2)
r-Π-intro S;Γ;ΠA.B`(GA∧GB∧(eqKL1typeΓ)∧(eqKL2typeΓ)|type)

S;Γ;A`(GA|L)S;Γ;M`(GM|B)
r-Π-elim S;Γ;AM`(GA∧GM∧(eqKL(ΠB.?L)Γ)∧(?L[M]≡?L′)|?L′)

Figure5.3:Refinementoftypes

84



Chapter 3: Proof-Relevant Resolution

unique C ′ such that ê = C ′{A}. By the induction assumption, there is a

mixed term ê′′, a substitution θ such that ê′ = θ(eC2{C ′{A}}){ê′′}, and

a derivation of S;P ` Γ | C ′{A} κ:D Γ′ | ê′′. Then there is a derivation
S;P ` Γ | C ′{A} κ:D Γ′ | ê′′
S;P ` Γ | C ′{A} Γ′ | ê′′

.

We use Proposition 3.15 in the rest of the proof implicitly.

• Let the derivation be S;P ` Γ, Y : A | eC1{〈Y,G[Y/x]〉} Γ′ | ê′
S;P ` Γ | eC1{∃x : A.G} Γ′ | ê′

. By the

induction assumption, there is a mixed term ê′′, a substitution θ such that

ê′ = θ(eC2{C ′{A}}){ê′′}, and a derivation of

S;P ` Γ, Y : A | C ′{〈Y,G[Y/x]〉} Γ′ | ê′′. Then there is a derivation
S;P ` Γ, Y : A | C ′{〈Y,G[Y/x]〉} Γ′ | ê′′
S;P ` Γ | C ′{∃x : A.G} Γ′ | ê′′

.

• Let the derivation be of the shape S;P ` Γ | 〈M,C1〉{A} κ:D Γ′ | ê′
S;P ` Γ | 〈M,C1〉{A} Γ′ | ê′

By the

induction assumption, there is a mixed term ê′′, a substitution θ such that

ê′ = θ(〈M,C2〉{C ′{A}}){ê′′}, and a derivation of S;P ` Γ | C ′{A} Γ′ | ê′′.
Then there is a derivation S;P ` Γ | C ′{A} κ:D Γ′ | ê′′

S;P ` Γ | C ′{A} Γ′ | ê′′
.

• Let the derivation be S;P ` Γ, Y : A | 〈M,C1〉{〈Y,G[Y/x]〉} Γ′ | ê′
S;P ` Γ | 〈M,C1〉{∃x : A.G} Γ′ | ê′

. By

the induction assumption, there is a mixed term ê′′, a substitution θ such that

ê′ = θ(〈M,C2〉{C ′{A}}){ê′′}, and a derivation of

S;P ` Γ, Y : A | C ′{〈Y,G[Y/x]〉} Γ′ | ê′′. Then there is a derivation
S;P ` Γ, Y : A | C ′{〈Y,G[Y/x]〉} Γ′ | ê′′
S;P ` Γ | C ′{∃x : A.G} Γ′ | ê′′

.

Part 2 The compatible cases are:

• Let the derivation be of the shape
S; Γ ` θ : Γ′ S; Γ′ ` θA ≡ θA′ : o

S;P ` Γ | C{A} ê:A′
 Γ′ | θC{ê}

and

the rewriting context of the shape C = •. Then ê′′ = ê and S;P ` Γ |
A

ê:A′
 Γ | ê.

• Let the derivation be of the shape S;P ` Γ | •{A} ê1 A′:D Γ′ | ê
S;P ` Γ | •{A} ê1:A′⇒D Γ′ | ê

. Then

ê′′ = ê and S;P ` Γ | A ê:A′
 Γ′ | ê.

• Let the derivation be of the shape S;P ` Γ, Y : A1 | •{A}
ê1:D[Y/x] Γ′ | ê

S;P ` Γ | •{A} ê1:∀x:A1.D Γ′ | ê
.

Then ê′′ = ê and S;P ` Γ | A ê1:∀x:A1.D Γ′ | ê.
• Let the derivation be of the shape

S; Γ ` θ : Γ′ S; Γ′ ` θA ≡ θA′ : o

S;P ` Γ | eC1{A} ê′:A′
 Γ | ê′

. By

the induction assumption, there is a mixed term ê′′ and a substitution θ such
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λ− .− : T → t→ t,− T− : T → T → T,ΠT − .− : T → T → T,

typeK : K,ΠK − .− : T → T → T,

Ctx : type,−,Ctx− : Ctx→ T → Ctx,

eqat : t→ t→ Ctx→ o, eqst : t→ t→ Ctx→ o,

eqT : T → T → Ctx→ o, eqK : K → K → Ctx→ o,

term : t→ T → Ctx→ o, type : T → K → Ctx→ o,

−↑ ≡ − : t→ t→ o,−[−] ≡ − : t→ t→ t→ o

whr : t→ t→ o, proj : t→ T → Ctx→ o

We use dashes −f− to denote that the function symbol f is used in infix notation.

Formally, we define different symbols, e.g., − t− and − T− for application of terms

and types respectively. In the rest of this chapter, we will drop the subscript where

the notation is unambiguous. Since the signature of nameless LF is fixed, we keep

it implicit in the encoded representation.

We define a calculus with two kinds of judgements, one for transforming re-

finement problems into goals and the other for transforming signatures into logic

programs. These judgements are defined mutually in a similar way to the well-

formedness judgements of nameless LF in Figures 2.7 and 2.8. We use S; Γ;M `
(G | A) to denote the transformation of a term M in a signature S and a context

Γ to a goal G. The judgement also synthesises a type A of the term M . Similarly,

S; Γ;A ` (G | L) denotes a transformation of a type A in S and Γ to a goal G while

synthesising a kind L.

Definition 5.14

The judgements S; Γ;M ` (G | A) and S; Γ;A ` (G | L) are given by inference rules

in Figures 5.2 and 5.3. Metavariables that do not occur among assumptions have

an implicit freshness condition.

The inference judgement for a logic program generation is denoted by S `Prog P
where S is a signature and P is a generated logic program. A generated logic

program contains clauses that represent inference rules of type theory and clauses
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thatê′=θ(eC2{C′{A}}){ê′′},andS;Γ`θ′A≡θ′A′:o.Thenthereisa

derivationS;Γ`θ′:Γ′S;Γ′`θ′A≡θ′A′:o

S;P`Γ|C′{A} Γ′|ê′′.

•LetthederivationbeoftheshapeS;P`Γ|eC1{A}
ê1A′:D
 Γ′|ê

S;P`Γ|eC1{A}
ê1:A′⇒D
 Γ′|ê

.By

theinductionassumption,thereisamixedtermê′′,asubstitutionθsuchthat

ê′=θ(eC2{C′{A}}){ê′′},andaderivationofS;P`Γ|C′{A}ê1A′:D
 Γ′|ê′′.

ThenthereisaderivationS;P`Γ|C′{A}ê1A′:D
 Γ′|ê′′

S;P`Γ|C′{A}ê1:A′⇒D
 Γ′|ê

.

•LetthederivationbeS;P`Γ,Y:A1|eC1{A}
ê1:D[Y/x]
 Γ′|ê

S;P`Γ|eC1{A}
ê1:∀xA1.D
 Γ′|ê

.Bythein-

ductionassumption,thereisamixedtermê′′,asubstitutionθsuchthatê′=

θ(eC2{C′{A}}){ê′′},andaderivationofS;P`Γ,Y:A1|eC1{A}
ê1:D[Y/x]
 Γ′|

ê.ThenthereisaderivationS;P`Γ,Y:A1|eC1{A}
ê1:D[Y/x]
 Γ′|ê

S;P`Γ|eC1{A}
ê1:∀xA1.D
 Γ′|ê

.

•LetthederivationbeoftheshapeS;Γ`θ′:Γ′S;Γ′`θ′A≡θ′A′:o

S;P`Γ|〈M,C1〉{A}
ê′:A′
 Γ|ê′.

Bytheinductionassumption,thereisamixedtermê′′andasubstitutionθ

suchthatê′=θ(〈M,C2〉{C′{A}}){ê′′},andS;Γ`θ′A≡θ′A′:o.Thenthere

isaderivationS;Γ`θ′:Γ′S;Γ′`θ′A≡θ′A′:o

S;P`Γ|C′{A} Γ′|ê′′.

•LetthederivationbeoftheshapeS;P`Γ|〈M,C1〉{A}
ê1A′:D
 Γ′|ê

S;P`Γ|〈M,C1〉{A}
ê1:A′⇒D
 Γ′|ê

.By

theinductionassumption,thereisamixedtermê′′,asubstitutionθsuchthat

ê′=θ(〈M,C2〉{C′{A}}){ê′′},andaderivationofS;P`Γ|C′{A}ê1A′:D
 Γ′|

ê′′.ThenthereisaderivationS;P`Γ|C′{A}ê1A′:D
 Γ′|ê′′

S;P`Γ|C′{A}ê1:A′⇒D
 Γ′|ê

.

•LetthederivationbeS;P`Γ,Y:A1|〈M,C1〉{A}
ê1:D[Y/x]
 Γ′|ê

S;P`Γ|〈M,C1〉{A}
ê1:∀xA1.D
 Γ′|ê

.Bythe

inductionassumption,thereisamixedtermê′′,asubstitutionθsuchthat

ê′=θ(〈M,C2〉{C′{A}}){ê′′},andaderivationof

S;P`Γ,Y:A1|〈M,C1〉{A}
ê1:D[Y/x]
 Γ′|ê.Thenthereisaderivation

S;P`Γ,Y:A1|〈M,C1〉{A}
ê1:D[Y/x]
 Γ′|ê

S;P`Γ|eC1{A}
ê1:∀xA1.D
 Γ′|ê

.

Theabovelemmaallowsustoobtainsmall-stepderivationsforidentifyingmixed

terms.Werefertothepropertystatedbythelemmaassubderivationproperty.
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5.2.2Fromarefinementproblemtoalogicprogram

Inthissection,weexplainhowatermwithmetavariablesistransformedintoagoal,

andasignatureintoalogicprogram.Attheendofthesectionwestatethat,fora

refinementproblem,eitheragoalandaprogramexistorelsetheproblemcannotbe

refinedtoawell-formedterm.OurrepresentationofnamelessLFinthelanguage

ofproof-relevantHorn-clauselogicthatweintroducedinChapter3requiresthat

thereareconstantsinthesignatureofthelogicthatencodejudgementsofnameless

LF.Inparticular,werequire:

•constant>foratriviallysatisfiedformula,

•constantsforencodingsortsofnamelessLF,

•constantsforencodingdeBruijnindices,

•functionsymbolsforencodingabstraction,application,Πtypeandkindfor-

mationandadesignatedkindthatclassifiestypes,

•thepredicateseq
a
tandeq

s
tdenotealgorithmicandstructuralequalityrespec-

tivelyoftermsofacertainsimpletypeinacontext,

•thepredicateseqTandeqKdenoteequalityoftermsofacertainsimplekind,

andequalityofkindsinacontextrespectively.

•thepredicatestermandtypedenote,respectively,thatatermoratypeis

well-formedinacontext,

•predicatesA↑≡A′todenotethatatypeA′istheresultofshiftingofA;and

weuseA[M]≡A′todenotethatA′istheresultofsubstitutionofAwithM,

and

•predicatewhrtodenoteweakheadreductionoftermsandpredicateprojto

denotethatavariableispresentinacontext(oraprojectionofavariable

fromacontext).

InordertoavoidanunnecessarysyntacticclutterwekeepthesamesyntaxforΠ

types,abstractionandapplicationintheinternallanguageandinthelogic.Hence,

wecandefinethesignaturethatcontainsthenecessarysymbolsasfollows:

Definition5.13

Sempty=>:o,N:type,0:N,σ:N,t:type,T:type,K:type,−t−:t→t→t,
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This property will play an important role in the proof of soundness of the small-

step semantics as it allows us to proceed by induction on derivations of small-step

judgements. Finally, we state the soundness property of the small-step semantics.

Theorem 3.20 (Soundness)

If S;P ` · | G · | e then S;P −→ e : G.

In the following section, we introduce an extension of Horn-clause logic. The

soundness of the small-step semantics of proof-relevant resolution in Horn-clause

logic is a special case of a more general statement in the following section. Moreover,

a proof of the statement requires a significant development that is carried out in the

next chapter. Hence, we omit the proof here.

3.2 Logic of Hereditary Harrop Formulae

In this section we present the language of hereditary Harrop formulae. The language

is obtained by extending the syntax of definite clauses and goals of Horn-clause logic.

The extended syntax is given in the following definition.

Definition 3.21 (Syntax of goals and clauses)

D 3 D := A | G⇒ D | ∀x : A.D clauses

G 3 G := A | ∃x : A.G | D ⇒ G | ∀x : A.G goals

Since we see hereditary Harrop formulae as an extension of Horn clauses we maintain

the convention that the clauses in D are denoted by the identifier D and the goals in

G are denoted by the identifierG. Clauses consist of atomic formulae, implication⇒,

and universal quantification ∀ over a clause as in in the case of Horn-clause syntax.

However, a goal instead of an atom is allowed on the left side of an implication.

Goals consists of atomic formulae and existential quantification, as in the case of

Horn clauses, and implication and universal quantification over a goal. In contrast

with Horn clauses this definition allows nesting of implications in clauses and goals.
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A refinement of a term is a pair of assignments (ρ,R) such that ρ : ?V → t is an

assignment of (extended) terms to term-level metavariables and R : ?B → T is an

assignment of (extended) types to type-level metavariables. We define application

of refinement (ρ,R)(−) to terms, types and kinds by induction on definition of the

syntactic object.

Definition 5.12 (Refinement application)

Let ρ : ?V → t be an assignment of terms and R : ?B → T be an assignment of types.

Application of the refinement (ρ,R) to kinds, types and terms is defined by:

(ρ,R)(type) = type

(ρ,R)(ΠA.L) = Π(ρ,R)(A).(ρ,R)(L)

(ρ,R)(α) = α

(ρ,R)(?A) = R(?A)

(ρ,R)(ΠA.B) = Π(ρ,R)(A).(ρ,R)(B)

(ρ,R)(AN) = (ρ,R)(A)(ρ,R)(N)

(ρ,R)(c) = c

(ρ,R)(ι) = ι

(ρ,R)(?a) = ρ(?a)

(ρ,R)(λx : A.M) = λx : (ρ,R)(A).(ρ,R)(M)

(ρ,R)(MN) = (ρ,R)(M)(ρ,R)(N)

A solution to a refinement problem t is a refinement (ρ,R) such that (ρ,R)(t) is a

well-formed term of nameless LF. That is, by Lemma 5.10, (ρ,R)(t) does not contain

neither term-level nor type-level metavariables.
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S;Γ`G:o

S;Γ,X`D:oS;Γ,X`G:o

S;Γ`D⇒G:o

S;Γ,X`M:o

S;Γ`∀X.M:o

Figure3.6:Wellformednessofgoals

Toensurethatclausesandgoalsindeedconsistsofatomicformulaeinpositions

oftypesweextendwell-formednessjudgements.However,sincethesyntacticcon-

structsofclausesarethesameasinthecaseofHornclausesweonlyneedtoextend

well-formednessjudgementS;Γ`G:oofgoals.

Definition3.22

ThejudgementS;Γ`G:oisgivenbyinferencerulesinFigure3.6.

Welistonlyinferencerulesforthenewsyntacticconstructs.Otherinferencerules

arethesameasinFigure2.5.

Thestructureofprogramsstaysthesame,withrespecttotheextendeddefinition

ofclausesinD.Thewell-formednessjudgementS`Premainsthesameuptothe

extendeddefinitionofclausesinDandthejudgementS;Γ`D:o.

Thepresenceofnestedimplicationsthatisallowedbytheextendedsyntaxof

definiteclausesrequiresanextensionofthesyntaxofproofterms:

Definition3.23(Proofterms)

PT3e:=κ|ee|〈M,e〉|λκ.eproofterms

Weextendprooftermswithabstractionoveratomicproof-termsymbolsinK.

3.2.1Big-stepoperationalsemantics

Weextendbig-stepoperationalsemanticsofproofrelevantresolutionforHorn-

clauselogicthatweintroducedinSection3.1.1tothelanguageofhereditaryHarrop

formulae.

Definition3.24(Operationalsemantics,big-step)

ThejudgementsS;P−→e:GandS;P
e′:D
−→e:GforlogicofhereditaryHarrop
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Definition5.9(ExtendednamelessLF)

Wedefineextendednamelesstypes,termsandcontextsasfollows:

t3M,N:=···|?aterms

T3A,B:=···|?Atypes

Ctx3Γ:=···|Γ,?a:Acontexts

Theellipsisinthedefinitionaretobeunderstoodastheappropriatesyntactic

constructsofDefinition2.38inChapter2.Notethatwedonotdefineanextended

signature.Weassumethatthesignatureisalwaysfixedanddoesnotcontainany

metavariables.Thisdoesnotposeanyproblemsincewell-typednessofsignature

doesnotdependonthetermthatisbeingrefined.

Weusemtvar(−)andmvar(−)todenotethesetsoftype-levelandterm-level

metavariablesrespectively.Thewell-formednessjudgementsofthenamelessLF

remainthesameasinChapter2butnowtheyareseenasdefinedonasubset

ofextendedobjects.Thesearethegroundextendedobjects,asweshowbythe

followinglemma:

Lemma5.10

LetLbeanextendednamelesskind,AanextendednamelesstypeandManextended

namelessterm.LetSbeasignatureandΓacontext.

•IfS;Γ`L:kindthenmvar(L)=∅andmtvar(L)=∅,
•ifS;Γ`A:Lthenmvar(A)=∅andmtvar(A)=∅,and

•ifS;Γ`M:Athenmvar(M)=∅andmtvar(M)=∅.

Proof.Byinductiononthederivationofjudgements.

Arefinementproblemisdefinedasatermintheextendedsyntax.Asignatureand

acontextofthetermarekeptimplicit.

Example5.11(Refinementproblem)

Takingourleadingexample,thetermM′givenby(elimmaybeAtt0)(λ?A.?b)isa

refinementproblem.TheappropriatecontextisΓ1=·,maybeAtt.Thesignature

inFigure5.1isadjustedtoanamelesssignatureS.
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S;P −→ e : G

S;P , κ : D −→ e : G

S;P , κ : D −→ λκ.e : D ⇒ G

S, c : A;P −→ e[c/x] : G[c/x]

S;P −→ e : ∀x : A.G

Figure 3.7: Right introduction rules

formulae are given by inference rules in figures 3.2, 3.3, and 3.7.

There are no new backchaining inference rules with respect to Horn-clause logic as

the syntactic forms of definite clauses remain the same. New right-introduction rules

that correspond to new syntactic forms of goals are listed in Figure 3.7. Note that

the program is no longer static in the course of resolution but gets extended with new

clauses in the case of a goal in an implicational form. This justifies having program

as a parameter of the judgement and, since we aim to treat different fragments

uniformly, to keep it as a part of the judgement even in the previous section.

We proceed with a demonstration of the use of hereditary Harrop formulae. We

further develop our running example that utilises encoding of natural numbers.

Example 3.25

Let S be the following signature:

S = a : type, z : a, s : a→ a, even : a→ o, odd : a→ o

The predicates even and odd are given interpretation by the following program:

P = κz :odd(z),

κe :∀x : a.odd x⇒ even (s x)

κo :∀x : a.even x⇒ odd (s x)

We can resolve atomic goals similar to Example 3.9 but we can also resolve hypothet-

ical goals in implicational form. For example, the goal ∀x : a.even x⇒ even (s (s x))

is resolved as follows:
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variable w in particular. A clause κprojw is used to project the variable w from the

context. Such lenience allows us to avoid excessive technical detail and to postpone

further discussion of the exact shape of the clauses until the next section since it

depends on the de Bruijn representation of variables. We omit clause bodies. denoted

by _, as we did in previous chapters.

For the moment, we are just interested in the computed proof term:

κelim κelim≡bool
κprojwκsubstA

Note that by resolving goal II in Example 5.5, we obtain a substitution θ

that assigns the type A to the logic variable ?B, i.e. θ(?B) = A. At the same

time, the proof term computed by the derivation in Example 5.8 is interpreted as

a solution (elim≡bool
w) for the term-level metavariable ?b. However, the proof

term can be used to reconstruct the derivation of well-typedness of the judgement

m : maybeA tt, w : tt≡bool ff ` elim≡bool
w : A as well. In general, a substitution

is interpreted as a solution to a type-level metavariable and a proof term as a solu-

tion to a term-level metavariable. The remaining solution for ?A is computed using

similar methodology, and we omit the details here.

5.2 Refinement in Nameless LF

Following the ideas we described in the previous section, we present a translation

of a refinement problem into Horn-clause logic with explicit proof terms. First, we

extend the language of nameless LF with metavariables, which allows us to capture

incomplete terms. Next, we give a calculus for transformation of an incomplete term

to a goal and a program.

5.2.1 Refinement problem

We capture missing information in nameless LF terms by metavariables. We assume

infinitely countable disjoint sets ?B and ?V that stand for omitted types and terms

and we call elements of these sets type-level and term-level metavariables respec-

tively. We use identifiers ?a, ?b, etc. to denote elements of ?V and identifiers ?A, ?B,

etc. to denote elements of ?B. The extended syntax is defined as follows:
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S,c:a;P,κx:evenc
κx:evenc

−→κx:evencκx:evenc∈P,κx:evenc

S,c:a;P,κx:evenc−→κx:evenc

..

.
S,c:a;P,κx:evenc−→κx:evencS,c:a;P,κx:evenc

κoκx:odd(sc)
−→κoκx:odd(sc)

S,c:a;P,κx:evenc
κo:evenc⇒odd(sc)

−→κoκx:odd(sc)

S,c:a;P,κx:evenc
κo:∀x:a.evenx⇒odd(sx)

−→κoκx:odd(sc)κo:_∈P
S,c:a;P,κx:evenc−→κoκx:odd(sc)

..

.S,c:a;P,κx:evenc
κe(κoκx):even(s(sc))

−→κe(κoκx):even(s(sc))

S,c:a;P,κx:evenc
κe:odd(sc)⇒even(s(sc))

−→κe(κoκx):even(s(sc))S;·`s(sc):a

S,c:a;P,κx:evenc
κe:∀x:a.oddx⇒even(sx)

−→κe(κoκx):even(s(sc))

..

.

S,c:a;P,κx:evenc
κe:∀x:a.oddx⇒even(sx)

−→κe(κoκx):even(s(sc))κe:∀x:a.oddx⇒even(sx)∈P
S,c:a;P,κx:evenc−→κe(κoκx):even(s(sc))

S,c:a;P−→λκx.κe(κoκx):evenc⇒even(s(sc))

S;P−→λκx.κe(κoκx):∀x:a.evenx⇒even(s(sx))

Weseparatethederivationintofourpartialderivationsthatcomposeintheobvious

way.Weabbreviatetheclause∀x:a.evenx⇒odd(sx)by_andweuseκ:D∈P
insteadκ:D∈P,κx:evencwheretheclauseDisinP.

3.2.2Small-stepoperationalsemantics

Inthissection,weextendsmall-stepoperationalsemanticstothelanguageofhered-

itaryHarropformulae.First,weneedtoadjustthedefinitionofmixedtermsand

rewritingcontextstoaccommodatefornewsyntacticconstructs.

Definition3.26(Mixedtermsandrewritingcontexts)

MT3ê:=κ|G|êê|〈M,ê〉|λκ.êmixedterms

R3C:=•|êC|〈M,C〉|λκ.Crewritingcontexts

Wekeepusingtheidentifierêformixedterms.Extendedcontextspossesaproperty

thatcorrespondstoProposition3.15.

Proposition3.27

LetC1andC2berewritingcontexts,Gagoalandêamixedterm.IfC1{G}=C2{ê}
thenthereisauniqueC′suchthatê=C′[G].
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termsofthelogicprograms.Thisispossiblesinceweassumethattheinternallan-

guageisrepresentedusingdeBruijnindicesforvariables.Finally,inordertoavoid

unnecessarysyntacticclutter,inthischapterweomitexplicitquantifiers.Weas-

sumethatclausesareimplicitlyuniversallyquantifiedandthatgoalsareimplicitly

existentiallyquantified.

Example5.8

Thepresenceofw:tt≡boolffinthecontextallowsustousetheclauseelim≡bool

toresolvethegoalterm(?M?N)A[m:maybeAtt,w:tt≡boolff].Theimplicit

quantificationofvariables?Mand?Nismadeexplicitbythecontext?M:t,?N:t

?M:t,?N:t|term(?M?N)A[m:maybeA,w:tt≡boolff] 

?M:t,?N:t|(term(?M?N)A[m:maybeA,w:tt≡boolff])
κelim:_ ∗

?M:t,?N:t,?A:T,?B:T|κelim(term?M(Πx:?A.A)[...]∧

term?N?A[...,w:tt≡boolff]∧A[?N/x]≡?B) 

?M:t,?N:t,?A:T,?B:T|κelim((term?M(Πx:?A.A)[...])
κelim≡bool:_∧

term?N?A[...,w:tt≡boolff]∧A[?N/x]≡?B) ∗

?N:t,?B:T|κelimκelim≡bool(term?Ntt≡boolff[...,w:tt≡boolff]∧

A[?N/x]≡?B) 

?N:t,?B:T|κelimκelim≡bool((term?Ntt≡boolff[...,w:tt≡boolff])
κprogw

∧A[?N/x]≡?B) ∗

?B:T|κelimκelim≡boolκprojw(A[w/x]≡?B)
κsubstA ∗

·|κelimκelim≡boolκprojwκsubstA

Theresolutionhereisatraceofthesmall-stepsemanticsweintroducedinChapter3

uptocertainlenienceweallowourselveswithtreatmentofvariablenames,the
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S;P ` Γ | ê Γ′ | ê′

S;P , κ : D ` Γ | C{λκ.G} Γ′ | ê
S;P ` Γ | C{D ⇒ G} Γ′ | ê

S, c : A;P ` Γ | C{G[c/x]} Γ′ | ê
S;P ` Γ | C{∀x : A.G} Γ′ | ê

Figure 3.8: Right introduction rules, small-step

Proof. By induction on C1 and C2. The new compatible cases w.r.t. the proof of

Proposition 3.15 are:

• C1 = λκ.C ′
1 and C2 = •. Then ê = λκ.C ′

1{G} and C ′ = λκ.C1.

• C1 = λκC ′
1 and C2 = λκ.C ′

2. Then C ′
1{G} = C ′

2{ê} and from induction

hypothesis there is unique C ′ such that ê = C ′{G}.

The small-step semantics is, as was the case with the big-step semantics, given

by extending right-introduction rules. Since we do not extend syntax of clauses, the

backchaining judgement does not change.

Definition 3.28 (Operational semantics, small-step)

The judgements S;P ` Γ | ê Γ′ | ê′, and S;P ` Γ | ê ê′′:D Γ′ | ê′ are given by

inference rules in Figures 3.4, 3.5, and 3.8.

The small-step semantics posses subderivation property (Lemma 3.19).

Lemma 3.29 (Subderivations)

1. If S;P ` Γ | C{ê} Γ′ | ê′ then there is a mixed term ê′′ and a substitution

θ such that ê′ = (θC){ê′′} and S;P ` Γ | ê Γ | ê′′

2. If S;P ` Γ | C{ê} ê1:D1 Γ′ | ê′ then there is a mixed term ê′′ and a substitution

θ such that ê′ = (θC){ê′′} and S;P ` Γ | ê ê1:D1 Γ | ê′′

Proof. By simultaneous structural induction on the derivation and the rewriting

context. We list only new cases w.r.t. Lemma 3.19.

Part 1

• Let the derivation be S;P , κ′ : D ` Γ | λκ.C1{λκ′.G} Γ′ | ê′
S;P ` Γ | λκ.C1{D ⇒ G} Γ′ | ê′

. By the

induction assumption, there is a mixed term ê′′, a substitution θ such that
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The unifiers that are computed by proof-relevant resolution give an assignment

of types to type-level metavariables. At the same time, the computed proof terms

are interpreted as an assignment of terms to term-level metavariables.

Example 5.6

Assuming the term λ(w : ?A).?b is of type (tt≡bool ff) → A, type checking places

restrictions on the term ?b:

m : maybeA tt ` tt≡bool ff : type m : maybeA tt, w : tt≡bool ff ` ?b : A

m : maybeA tt ` λ(w : tt≡bool ff).?b : tt≡bool ff→ A

That is, ?b needs to be a well-typed term of type A in a context consisting of m and

w. When resolving the computed goal, ?b will be bound to a proof term that we use

to extract the required term.

Our translation will turn this constant into a clause in the generated logic pro-

gram. Additionally, our translation will include clauses that describe inference rules

of the type theory of the internal language.

Example 5.7

Recall that in the signature there is a constant elim≡bool
of type tt ≡bool ff → A.

There will be a clause that corresponds to the inference rule for elimination of a

Π type as well:

κelim≡bool
: term elim≡bool

(Πx : tt≡bool ff . A) ?Γ ⇐

κelim : term ?M ?N ?B ?Γ ⇐ term ?M (Πx : ?A.?B′) ?Γ

∧ term ?N ?A ?Γ ∧ ?B′ [?N/x] ≡ ?B

In these clauses, ?M , ?N , ?A, ?B, ?B′ and ?Γ are logic variables, i.e. variables of the

Horn-clause logic.

By an abuse of notation, we use the same symbols for metavariables of the inter-

nal language and logic variables in the logic programs generated by the refinement

algorithm. We also use the same notation for objects of the internal language and
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ê′=θ(λκ.C2{C′{A}}){ê′′},andaderivationofS;P`Γ|C′{D⇒G} Γ′|
ê′′.ThenthereisaderivationS;P,κ:D`Γ|C′{λκ.G} Γ′|ê′′

S;P`Γ|C′{D⇒G} Γ′|ê′′.

•LetthederivationbeS;P`Γ,x:A|λκ.C1{G} Γ′|ê′
S;P`Γ|λκ.C1{∀x:A.G} Γ′|ê′.Bytheinduc-

tionassumption,thereisamixedtermê′′,asubstitutionθsuchthatê′=

θ(λκ.C2{C′{A}}){ê′′},andaderivationofS;P`Γ,x:A|C′{G} Γ′|ê′′.
ThenthereisaderivationS;P,κ:D`Γ,x:A|C′{G} Γ′|ê′′

S;P`Γ|C′{∀x:A.G} Γ′|ê′′.

Part2

•LetthederivationbeoftheshapeS;Γ`θ′:Γ′S;Γ′`θ′A≡θ′A′:o

S;P`Γ|λκ.C1{A}
ê′:A′
 Γ′|ê′.

Bytheinductionassumption,thereisamixedtermê′′andasubstitutionθ

suchthatê′=θ(λκ.C2{C′{A}}){ê′′},andS;Γ`θ′A≡θ′A′:o.Thenthere

isaderivationS;Γ`θ′:Γ′S;Γ′`θ′A≡θ′A′:o

S;P`Γ|C′{A} Γ′|ê′′.

•LetthederivationbeoftheshapeS;P,κ:D`Γ|eR1{A}
ê1A′:D
 Γ′|ê

S;P`Γ|λκ.R1{A}
ê1:A′⇒D
 Γ′|ê

.By

theinductionassumption,thereisamixedtermê′′,asubstitutionθsuchthat

ê′=θ(eC2{C′{A}}){ê′′},andaderivationofS;P`Γ|R′{A}ê1A′:D
 Γ′|ê′′.

ThenthereisaderivationS;P`Γ|R′{A}ê1A′:D
 Γ′|ê′′

S;P`Γ|R′{A}ê1:A′⇒D
 Γ′|ê

.

Theexampleweusedforillustrationofthebig-stepsemanticscanalsobere-

solvedinsmall-stepsemantics.

Example3.30

ConsiderthesignatureSandtheprogramPfromExample3.25.Thegoal∀x:

a.evenx⇒even(s(sx))isresolvedinsmallstepstoaprooftermλκx.κe(κoκx):

·|∀x:a.evenx⇒even(s(sx)) ·|evenc⇒even(s(sc)) 

·|λκx.even(s(sc)) ·|λκx.even(s(sc))
κe:∀x:a.oddx⇒even(sx)

 

X:a|λκx.even(s(sc))
κe:oddX⇒even(sX)

 

X:a|λκx.even(s(sc))
κe(oddX):even(sX)

 

·|λκx.κe(odd(sc)) ·|λκx.κe(odd(sc))
κo:∀x:a.evenx⇒odd(sx)

 

Y:a|λκx.κe(odd(sc))
κo:evenY⇒odd(sY)

 ·|λκx.κe(κo(evenc)) 
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Themissinginformationcomprisesthetwotypes?Aand?Bandtheterm?bfor

theconstructornothing.Obtainingtypes?A,?Bamountstotypeinference(inthe

internallanguage,asopposedtocheckinginthesurfacelanguage),whereasobtaining

theterm?bamountstotermsynthesis.

Inthisthesis,weusethenotionrefinementtorefertothecombinedproblemof

typeinferenceandtermsynthesis.Wemakeuseofproof-relevantHorn-clauselogic

tosolverefinementproblems.Wetranslaterefinementproblemsintothesyntaxof

logicprograms.Therefinementalgorithmthatweproposetakesasignatureanda

termwithmetavariablesintheextendedinternallanguagetoalogicprogramand

agoalinproof-relevantHorn-clauselogic.

Example5.5

ConsidertheinferenceruleΠ-t-EliminLF.Thisinferencerulegeneralisesthe

inferenceruleAppthatweusedtomotivateHornclausesintypeinferenceinthe

Introduction(Chapter1).

Γ`M:Πx:A.BΓ`N:A
Π-t-Elim Γ`MN:B[N/x]

WhentypecheckingthetermtfromJustanapplicationofelimmaybeAttmtotheterm

λ(w:?A).?binthecontextm:maybeAttneedstobetypechecked.Thisamountsto

providingaderivationofthetypingjudgementthatcontainsthefollowinginstance

oftheruleΠ-t-Elim:

m:maybeAtt`elimmaybeAttm

:(tt≡boolff→A)→···→Am:maybeAtt`λ(w:?A).?b:?A→?B
m:maybeAtt`(elimmaybeAttm)(λ(w:?A).?b):(tt≡booltt→A→A)→A

FortheaboveinferencesteptobeavalidinstanceoftheinferenceruleΠ-t-Elim,

itisnecessarythat(tt≡boolff)=?AandA=?B.Thisisreflectedinthegoal:

((tt≡boolff)=?A)∧(A=?B)∧G(elimmaybeAttm)∧Gλ(w:?A).?b)(II)

TheadditionalgoalsG(elimmaybeAttm)andGλ(w:?A).?barerecursivelygeneratedfor

thetermselimmaybeAttmandλ(w:?A).?b,respectively.
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· | λκx.κe (κo (even c)κx:even c) · | λκx.κe (κo κx)

We conclude this section by statement of soundness of the small-step semantics.

However, as we saw in Example 3.18, small-step semantics does not necessarily

produce judgements with empty context on the right of  . We can relax this

condition and allow an arbitrary context Γ′. It is then necessary to transform goals

of the big-step semantics. In order to do so, we introduce a notion of universal

quantification with a variable context.

Definition 3.31

∀Ctx · .G = G

∀Ctx(Γ, x : A).G = ∀CtxΓ.(∀x : A.G)

We call this transformation a generalisation of a goal with a context. Finally, we

state the soundness property for small-step semantics of proof-relevant resolution in

the logic of hereditary Harrop formulae using generalisation.

Theorem 3.32 (Generalised soundness)

If S;P ` · | G Γ | e then S;P −→ e : ∀CtxΓ.G

Our proof of the theorem requires further technical development. In particular,

we need to develop a notion of logical relation for mixed terms. Logical relation

will allow us to reason on intermediate subderivations of the big-step and the small-

step semantics by structural induction and to guarantee that such subderivations

are well-formed. We devote the following chapter to development of the logical

relation and a proof of the above statement will constitute the main result of the

next chapter.

3.3 Related Work

The big-step semantics we present in this chapter is based on the semantics of uni-

form proofs (Miller et al., 1991) and λProlog (Miller and Nadathur, 2012). However,

unlike our work, the work of Miller et al. is carried out using only simple types, which
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5.1. Example by Resolution

A : type
bool : type
ff tt : bool

(≡bool) : bool → bool → type
refl : Π( b:bool). b ≡bool b
elim≡bool: tt ≡bool ff → A

maybe A : bool → type
nothing : maybe A ff
just : A → maybe A tt
elimmaybeA : Π( b:bool).maybe A b

→ ( b ≡bool ff → A)
→ ( b ≡bool tt → A → A)
→ A

Figure 5.1: Signature for encoding fromJust

not contain all the information required by the type theory of the internal language

and that this information needs to be inferred, preferably by an automated tool and

without any human intervention.

Example 5.3

The function fromJust is encoded as follows:

tfromJust := λ ( m:maybe A tt).elimmaybeA tt m

(λ (w:tt≡boolff).elim≡bool w)

(λ (w:tt≡booltt).λ (x:A).x)

The missing case for nothing must be accounted for (cf. the line (λ (w:tt≡boolff

).elim≡boolw) above).

We allow for explicit working with the information that is missing in the external

language by extending the internal language with term level metavariables, denoted

by ?a, and type level metavariables, denoted by ?A. These stand for the parts of a

term in the internal language that are not yet known.

Example 5.4

Using metavariables, the term that directly corresponds to fromJust is:

tfromJust := λ ( m:maybe A tt).elimmaybeA ?a m

(λ ( w: ?A ). ?b )

(λ ( w: ?B ).λ ( x:A).x)
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limitsexpressivepoweroftheresultingcalculus.Thecasefordependenttypesin

logicprogrammingandproofsearchhasbeenstronglyadvocatedinElfandTwelf

programminglanguages(Pfenning,1991,PfenningandSchürmann,1999,Xiand

Pfenning,1999).TheworkonElfandTwelfisbasedonLFasisourwork.How-

ever,therearethreeimportantdifferences:

•ThetreatmentofresolutioninElfandTwelfdoesnotutiliseprooftermsas

wedo.WepresentacaseforprooftermsinChapter5whereweshowhow

touseprooftermsascertificateswhengoal-directedsearchisembeddedina

verifiablewayintoanothersystem.

•ElfandTwelflanguagesarecarriedoutdirectlyinthesyntaxofLF.We

distinguishbetweensortstypeoftypesandoofformulae.Thisseparation

capturesdistinctfragmentsofsyntaxthatarethetermlanguageofLF,and

Horn-clauseandhereditaryHarroplogicsthataredefinedatopofthisterm

language.Logicformulaeintheselogicsarethentypeswiththesortoin

headpositionaswediscussedpreviously.Well-formednessjudgementsfor

thesetwofragmentsdonotinteractanditispossibletoreplacetheterm

languagewithoutchangingthesemanticsofresolution.Thisisdemonstrated

inChapter5whereweencodeanexternallanguageusingdeBruijnindices.

Theencodingeffectivelymeansthatwedonotneedpresenceofbindersinthe

termlanguage.Hencethetermlanguagecanbeseenasaproperrestriction

ofLF.Aconcreteadvantagethenisthatfirst-orderunificationsufficesforthe

purposeofthesmall-stepresolutioninChapter5.

•Thedistinctionbetweensortstypeandohasonefurtheradvantage.Predi-

catesinourlogic(thatistypeswithheadsymbolo)canrepresentconstructs

notcapturedbythetermlanguageandproofrelevantresolutioncanbeused

asameansofprogramtransformation(orelaboration).Wediscussthisad-

vantageonanexampleoftypeclassesinChapter6.

Finally,letuscommentonproof-theoreticaspectsoflogicsthatwediscussedin

thischapter.WestudyresolutioninthelogicofhereditaryHarropformulae.This

logicisaconstructivefragmentofclassicallogic.Thestudyofrelationbetweenin-

tuitionisticandclassicalprovabilitygoesbacktoGlivenko(1929).Orevkov(1968)

presentedseveralsocalledGlivenkoclassesofsequentsinclassicallogics.These
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byaBoolean:
datamaybeA(a:A):bool→typewhere

nothing:maybeAff

just:A→maybeAtt

Here,nothingandjustarethetwoconstructorsofthemaybetype.Thetypeis

indexedbyffwhenthenothingconstructorisused,andbyttwhenthejust

constructorisused(ffandttareconstructorsofbool).AfunctionfromJust

extractsthevaluefromthejustconstructor:

fromJust:maybeAtt→A

fromJust(justx)=x

NotethatthevaluettappearswithinthetypemaybeAtt→Aofthisfunction(the

typedependsonthevalue),allowingforamoreprecisefunctiondefinitionthatomits

theredundantcasewhentheconstructorofthetypemaybeAisnothing.Thechal-

lengeforthetypecheckeristodeterminethatthemissingcasefromJustnothing

abovedefinitioniscontradictory(ratherthanbeingomittedbymistake).Indeed,the

typeofnothingismaybeAff.However,thefunctionspecifiesitsargumenttobeof

typemaybeAtt.

Totypecheckfunctionsinthesurfacelanguage,thecompilertranslatesthem

intotermsinatype-theoreticcalculusofnamelessLF.Wecallthiscalculusthe

internallanguageofthecompiler.

Thenumberofobjectsoftheinternallanguagethatarerequiredtoelaborate

evenasimpleexamplesuchasExample5.1isratherlarge.

Example5.2

OnepossiblechoiceofobjectstoencodedefinitionoffromJustisgivenbythe

signatureinFigure5.1.RecallthatweuseA→BasanabbreviationforΠ(a:A).B

whereadoesnotoccurfreeinB.

Thefinalgoaloftypecheckingofafunctioninthesurfacelanguageistoobtainan

encodingintheinternallanguage.Itisimportanttonotethatsurfacelanguagedoes
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Chapter 3: Proof-Relevant Resolution

classes of sequents are conservative over intuitionistic or minimal logic. Recently,

Negri (2016) generalised Orevkov’s results using proof-theory. Proof-theoretic treat-

ment of such results is at the basis of uniform proofs— the relation between prov-

ability in classical, intuitionistic and minimal logic for uniform proofs was studied,

among others by Miller et al. (1991) and Ritter et al. (2000a). A motivation for such

study was applications to proof-search in intuitionistic logics and to type-theoretic

analysis of search spaces in classical and intuitionistic logics (Ritter et al., 2000b).

This work is also to the best of our knowledge the origin of the notion of proof term

in the sense we use it.
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5 Type Inference and Term Synthe-

sis

In this chapter, we demonstrate a use of proof-relevant resolution for the purpose of

type inference and term synthesis in type theory. We make use of nameless LF as

the language that is subject to type inference and term synthesis. The approach we

present in this section consist of a preprocessing phase from nameless LF to a logic

program and a proof-relevant resolution phase in the Horn-clause logic of the pro-

gram. Then, solutions provided by the resolution phase are interpreted in nameless

LF. In this chapter, we first explain the system by means of a detailed example, then

we present formal description and discuss decidability of the preprocessing phase and

soundness of the interpreted solutions.

5.1 Example by Resolution

In this section, we give a detailed example that combines preprocessing in a verified

manner with the use of proof terms as a medium for communication with an external

automated prover. We describe an algorithm that reduces type inference and term

synthesis in type theory with dependent types to resolution in proof-relevant Horn-

clause logic. In our description, we rely on an abstract syntax that closely resembles

existing functional programming languages with dependent types. We will call it

the surface language.

Example 5.1

In the surface language, we define maybeA, an option type over a fixed type A, indexed
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4Soundness

Toprovesoundnessofthesmall-stepoperationalsemantics,weintroduceamore

structuredrelationthatwecallalogicalrelation.Wethenprovethefundamental

theoremthatthesmall-stepoperationalsemanticsembedsintothelogicalrelation.

Further,weshowthatwecanescapefromlogicalrelationtothebig-stepoperational

semanticsifthejudgementofthelogicalrelationisformedforaproperproofterm

andagoal.Soundnessofthesmall-stepoperationalsemanticsthenfollowsasa

corollary.

4.1LogicalRelation

Thelogicalrelationexposesthestructureofthebig-stepoperationalsemanticswhile

keepingtrackoffreevariables.Similarlytothebig-stepsemantics,therearetwo

judgements,

•S;P;Γ−→Cê:ê′,and

•S;P;Γ
ê′:D
−→Cê:A.

Inferencerulesofthesejudgementsreflecttheinferencerulesofjudgementsofthe

big-stepoperationalsemantics,S;P−→e:GandS;P
e′:D
−→e:Arespectively.Un-

likethebig-stepoperationalsemantics,thejudgementsofthelogicalrelationare

equippedwithcontextthatkeepstrackoffreevariables.Thelogicalrelationismore

generalandproceedsonmixedtermsratherthanproofterms.

Besidestheabovetwojudgementsweintroduceonemore,auxiliaryjudgement:

•S;P;Γ−→Cê:D

Thisjudgementmakesexplicittheinvariantthattheprooftermandtheclause

thatannotatetheback-chainingjudgementofthebig-stepoperationalsemantics

arewell-formed.
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Chapter 4: Soundness

S;P ; Γ −→C ê : ê′

S;P ; Γ ê′:D−→C ê : A S;P ; Γ −→C ê′ : D
S;P ; Γ −→C ê : A

S;P ; Γ −→C ê : G[M/x] S; Γ `M : A

S;P ; Γ −→C 〈M, ê〉 : ∃x : A.G

S;P , κ : D; Γ −→C ê : G

S;P ; Γ −→C λκ.ê : D ⇒ G

S, c : A;P ; Γ −→C ê[c/x] : G[c/x]

S;P ; Γ −→C ê : ∀x : A.G

S ` P S ` Γ
S;P ; Γ −→C A : A

S;P ; Γ −→C ê1 : ê2 S; Γ′ ` θ : Γ

S;P ; Γ −→C (θê) ê1 : ê ê2

S;P ; Γ −→C ê1 : ê2 S; Γ′ ` θ : Γ

S;P ; Γ −→C 〈θM, ê1〉 : 〈M, ê2〉

S;P ; Γ −→C ê1 : ê2
S;P ; Γ −→C λκ.ê1 : λκ.ê2

Figure 4.1: Logical relation, judgement S;P ; Γ −→C ê : ê′

Definition 4.1 (Logical relation)

The judgement S;P ; Γ −→C ê : ê′, the judgement S;P ; Γ κ:D−→C ê : A, and the judge-

ment S;P ; Γ −→C ê : D are given by inference rules in Figures 4.1, 4.2, and 4.3.

If we can form a judgement of logical relation for mixed terms ê and ê′, we say that

the mixed terms are logically related.

Similarly to the well-formedness judgements of the underlying term language,

the logical relation possesses syntactic validity:

Proposition 4.2

• If S;P ; Γ −→C ê : ê′ then S ` P.

• If S;P ; Γ ê1:D−→C ê : ê′ then S ` P.

• If S;P ; Γ −→C ê : D then S ` P.

Proof. By simultaneous induction on derivations of the assumptions using implicit
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Corollary 4.15 (Generalised soundness)

If S;P ` Γ | G Γ′ | e then S;P −→ e : ∀Γ′.G.

Proof. Follows from the Fundamental Theorem (4.12) by generalisation (Lemma

4.14) and Escape Lemma (4.11).

Let us conclude this chapter by recovering the notion of an answer substitution.

Note that we can collect the substitutions that are computed in the initial sequent

of the small-step resolution and compose the collected substitutions along the small

resolution steps. Then, for a judgement S;P ` Γ | G Γ′ | e, the composed

substitution σ is a mapping from variables in context Γ to terms that are well-

formed in context Γ′ and since the partial substitutions are well formed also σ is

well formed, i.e. S; Γ ` σ : Γ′.

4.4 Related Work

The proof of soundness in this chapter is carried out using a logical relation. The

proof technique was originally introduced by Tait (1967) and used for proving strong

normalisation of the simply typed lambda calculus. Initial application of logical

relations include the proofs of strong normalisation for System F (Girard, 1972) and

strong normalisation of Calculus of Constructions (Geuvers, 1994).

Logical relations has wide applications in programming languages research be-

sides proofs of strong normalisation. Generally, these applications fall in two broad

categories: type safety (Birkedal and Harper, 1999) and equivalence of programs

(Dreyer et al., 2009, Pitts, 2000). Our use of logical relation that is relating two

mixed terms is inspired by the use of logical relation for reasoning about program

equivalence. A work that is relevant to our development in particular is the use of

logical relations for mechanisations of metatheory of LF (Cave and Pientka, 2018,

Urban et al., 2011). Logical relations has been also successfully applied to higher or-

der type theory (Abel et al., 2018). These results provide a promising starting point

for both mechanisations of results in this chapter and for extending these results

beyond a first order type theory.
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4.1.LogicalRelation

S;P;Γ
ê:D
−→Cê:ê′

S;P;Γ
ê:A
−→Cê:A

S;P;Γ−→Cê1:A1S;P;Γ
êê1:D
−→Cê2:A2

S;P;Γ
ê:A1⇒D
−→Cê2:A2

S;P;Γ
ê:D[M/x]
−→Cê2:A2S;Γ`M:A1

S;P;Γ
ê:∀x:A1.D
−→Cê2:A2

Figure4.2:Logicalrelation,judgementS;P;Γ
ê:D
−→Cê:ê′

S;P;Γ−→Cê:D

S`Pκ:D∈PS`Γ
S;P;Γ−→Cκ:D

S;P;Γ−→Cê:A⇒DS;P;Γ−→Cê′:A
S;P;Γ−→Cêê′:D

S;P;Γ−→Cê:∀x:A.DS;Γ`M:A

S;P;Γ−→Cê:D[M/x]

Figure4.3:Logicalrelation,judgementS;P;Γ−→Cê:D
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weobtainS;P`Γ|A
ê:D
 Γ′|ê′′andê′=C′{ê′′}.Byinductionhypoth-

esiswehaveS;P;Γ′ê:D
−→Cê′′:A.Hence,bylifting(Lemma4.7),weobtain

S;P;Γ′−→Cê′:C{A}.

4.3SoundnessofSmall-StepOperationalSemantics

Inthisbriefsection,webringthepreviousresultstogetherandprovesoundnessof

thesmall-stepoperationalsemanticsofproof-relevantresolutionw.r.t.thebig-step

operationalsemantics.Wealsointroduceafurtherlemmathatallowsustoprove

(astrengtheningof)thegeneralisedsoundness(Theorem3.32).

First,soundnessfollowsfromtheEscapeLemmaandtheFundamentalTheorem

straightforwardly:

Corollary4.13(Soundness)

IfS;P`Γ|G ·|ethenS;P−→e:G.

However,recallthatinChapter3westatedsoundnessinamoregeneralway,

usinggeneralisationofagoalwithacontext.Usingresultsoftheprevioussection,

westateandprovethefollowinglemmaaboutgeneralisationofgoalsandthelogical

relation:

Lemma4.14

1.IfS;P;(Γ,x:A)−→Cê:GthenS;P;Γ−→Cê:∀x:A.G.

2.IfS;P;Γ−→Cê:GthenS;P;·−→Cê:∀Γ.G.

Proof.Part1Followsfromsubstitutivityofthelogicalrelation(Lemma4.6)and

weakeningofsignatures(Lemma4.3).

Part2Byinductiononthecontext.Thebasecaseisbydefinitionofgenerali-

sation,theinductivecasefollowsfromPart1.

Finally,westateandprovethegeneralisedsoundnessofthesmall-stepopera-

tionalsemantics:
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Chapter 4: Soundness

syntactic validity (Theorem 2.13).

Further, judgements of the logical relation can be weakened with a new constant

assuming that the new constant and its type or kind maintains well-formedness of

the signature:

Lemma 4.3 (Weakening of signature)

1. If S1,S2;P ; Γ −→C e : G and ` S1, c : A,S2 then S1, c : A,S2;P ; Γ −→C e : G.

2. If S1,S2;P ; Γ e1:D−→C e : G and ` S1, c : A,S2 then

S1, c : A,S2;P ; Γ e1:D−→C e : G.

3. If S1,S2;P ; Γ −→C e : D and ` S1, c : A,S2 then S1, c : A,S2;P ; Γ −→C e : D.

Proof. By simultaneous structural induction on derivations of the first assumptions

using Propositions 3.5 and 2.14 and syntactic validity of the logical relation (Propo-

sition 4.2).

Similarly, judgements of the logical relation can be weakened with a new program

clause as long as this clause maintains well-formedness of the program.

Lemma 4.4 (Weakening of program)

• If S;P1,P2; Γ −→C ê : ê′ and S ` P1, κ : D,P2 then

S;P1, κ : D,P2; Γ −→C ê : ê′.

• If S;P1,P2; Γ
ê1:D−→C ê : ê′ and S ` P1, κ : D,P2 then

S;P1, κ : D,P2; Γ
ê1:D−→C ê : ê′.

• If S;P1,P2; Γ −→C ê : D and S ` P1, κ : D,P2 then

S;P1, κ : D,P2; Γ −→C ê : D.

Proof. By simultaneous structural induction on derivations of the first assumptions

using syntactic validity of the logical relation (Proposition 4.2), syntactic validity

of programs (Proposition 3.4) and implicit syntactic validity (Theorem 2.16, Part

1).

The logical relation is stable under substitution over a program:
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Theorem 4.12 (Fundamental)

Let S; Γ ` G : o.

1. If S;P ` Γ | ê Γ′ | ê′ then S;P ; Γ′ −→C ê′ : ê.

2. If S;P ` Γ | ê ê1:D Γ′ | ê′, and S;P ; Γ −→C ê1 : D : then S;P ; Γ′ ê1:D−→C ê′ : ê.

Proof. By simultaneous structural induction on derivations of the judgements.

Part 1

• Let the derivation be S;P ` Γ | A κ:D Γ′ | ê
S;P ` Γ | A Γ′ | ê

. Using Part 2 of the lemma

we have S;P ; Γ′ κ:D−→C ê : A. From implicit syntactic validity (Proposition 4.2)

and from lifting (Lemma 4.7) thus follows S;P ; Γ′ −→C ê : A.

• Let the derivation be S;P ` Γ, x : A | C{〈x, ê〉} Γ′ | ê′
S;P ` Γ | C{∃x : A.G} Γ′ | ê′

. By Lemma 3.29,

we obtain S;P ` Γ, x : A | ê Γ′ | ê′′ and ê′ = C ′{〈M, ê′′〉}. By induction

hypothesis we have S;P ; Γ′ −→C ê′′ : ê. Thus using lifting (Lemma 4.7), it

follows that S;P ; Γ′ −→C ê′ : C{∃x : A.G}.
• Let the derivation be S;P , κ : D ` Γ | C{λκ.ê} Γ′ | ê′

S;P ` Γ | C{D ⇒ ê} Γ′ | ê′
. By Lemma 3.29,

we obtain S;P ` Γ | λκ.ê Γ′ | ê′′ and ê′ = C ′{λκ.ê′′}. By induction hy-

pothesis we have S;P ; Γ′ −→C ê′′ : λκ.ê. Thus, it follows from lifting (Lemma

4.7) that S;P ; Γ′ −→C ê′ : C{D ⇒ ê}.
• Let the derivation be S;P , κ : D ` Γ | C{ê} Γ′ | ê′

S;P ` Γ | C{∀x : A.ê} Γ′ | ê′
. By Lemma 3.29

and the induction hypothesis, S;P ` Γ | ê Γ′ | ê′′ and also ê′ = C ′{ê′′}.
Thus, using lifting (Lemma 4.7) we have S;P ; Γ′ −→C C ′{ê′′} : C{∀x : A.ê}.

Part 2

• Let the derivation be
S; Γ′ ` σA = σA′ : o S ` P
S;P ` Γ | A′ ê:A Γ′ | ê

. Then the desired

judgement S;P ; Γ′ ê:A−→C ê : A′ follows from lifting (Lemma 4.8) straightfor-

wardly.

• Let the derivation be S;P ` Γ | C{A} ê A1:D Γ′ | ê′

S;P ` Γ | C{A} ê:A1⇒D Γ′ | ê′
. By Lemma 3.29 and

the induction hypothesis we obtain S;P ` Γ | A ê:A1⇒D Γ′ | ê′′ and ê′ =

C ′{ê′′}. Using the induction hypothesis and the implicit syntactic validity of

program for logical relation (Proposition 4.2), we obtain S;P ; Γ′ κ:D−→C ê′′ : A.

Hence, by lifting (Lemma 4.7) we obtain S;P ; Γ′ −→C ê′ : C{A}.

• Let the derivation be S;P ` Γ, x : A1 | C{A} ê:D Γ′ | ê′

S;P ` Γ | C{A} ê:∀x:A1.D Γ′ | ê′
. By Lemma 3.29,
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4.1.LogicalRelation

Proposition4.5(Stability)

1.IfS;P1,κ:D1,P2;Γ−→Ce:GthenS;P1,κ:D1[M/x],P2;Γ−→Ce:G.

2.IfS;P1,κ:D1,P2;Γ,x:A
e1:D
−→Ce:Gthen

S;P1,κ:D1[M/x],P2;Γ
e1:D
−→Ce:G.

3.IfS;P1,κ:D1,P2;Γ,x:A−→Ce:Dthen

S;P1,κ:D1[M/x],P2;Γ−→Ce:D.

Proof.Bysimultaneousstructuralinductiononderivationsoftheassumptionsusing

Proposition3.6.

Thelogicalrelationpossessessubstitutivityproperty.

Lemma4.6(Substitutivity)

1.IfS;P;Γ,x:A−→Ce:GandS;Γ`M:Athen

S;P;Γ−→Ce[M/x]:G[M/x].

2.IfS;P;Γ,x:A
e1:D
−→Ce:GandS;Γ`M:AthenS;P;Γ

e1[M/x]:D[M/x]
−→Ce:G.

3.IfS;P;Γ,x:A−→Ce:DandS;Γ`M:Athen

S;P;Γ−→Ce[M/x]:D[M/x].

Proof.Bysimultaneousstructuralinductiononderivationsofthefirstassumptions

usingstabilityofthelogicalrelation(Proposition4.5),Proposition3.6,weakening

ofthelogicalrelation(Lemma4.3)andsubstitutivityofterms(Theorem2.13).

Ourproofofthefundamentaltheoremdependsonthefactthatitispossibleto

transformjudgementsofthelogicalrelationinawaythatcorrespondstopropagation

ofinferencerules.Wecallthistransformationlifting:

Lemma4.7(Lifting)

LetS;Γ′`θ:Γ.

1.IfS;P;Γ
κ:D
−→Cê:AthenS;P;Γ−→C(θC){ê}:C{A}.

2.IfS;P;Γ−→Cê:GandS;Γ`M:Athen

S;P;Γ−→C(θC){〈M,ê〉}:C{∃x:A.G}.
3.IfS;P,κ:D;Γ−→Cê:GthenS;P;Γ−→C(θC){λκ.ê}:C{D→G}.
4.IfS;P;Γ−→Cê:GthenS;P;Γ−→C(θC){ê}:C{∀x:A.G}.
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Proof.BysimultaneousstructuralinductiononderivationsofS;P;·−→Ce:G

andS;P;·
e1:D1
−→Ce:G.WemakeimplicituseofProposition4.9.

Part1Thecompatiblecasesare:

•LetthederivationbeS;P;·
e1:D
−→Ce:A

S;P;·−→Ce:A
.FromPart2ofthelemmaitfollows

thatS;P
e1:D
−→e:A.UsingLemma4.10itfollowsthatS;P−→e:A.

•LetthederivationbeS;P;·−→Ce:G[M/x]S;·`M:A

S;P;Γ−→C〈M,e〉:∃x:A.G
.Fromthe

inductionhypothesisitfollowsthatS;P−→e:G[M/X].Henceweformthe

inferenceS;P−→e:G[M/X]S;·`M:A

S;P−→〈M,e〉:∃X:A.G
.

•LetthederivationbeS;P,κ:D;Γ−→Ce:G

S;P;Γ−→Cλκ.e:D⇒G
.Fromtheinductionhy-

pothesisitfollowsthatS;P,κ:D−→e:G.Henceweformtheinference
S;P,κ:D−→e:G

S;P,κ:D−→λκ.e:D⇒G
.

•LetthederivationbeS,c:A;P;·−→Ce[c/x]:G[c/x]

S;P;·−→Ce:∀x:A.G
.Fromtheinduction

hypothesisitfollowsthatS,c:A;P−→(λκ.e)[c/x]:G[c/x].Weformthe

inferenceS,c:A;P−→(λκ.e)[c/x]:G[c/x]

S;P−→λκ.e:∀x:A.G
usingthefactthatsubstitution

forprooftermsandformixedtermsisdefinedinauniformway.

Part2

•LetthederivationbeS;P;·
e:A
−→Cκ:A.ThenS;P

e:A
−→e:A.

•LetthederivationbeS;P;·−→Ce1:A1S;P;·
ee1:D
−→Cκ:A2

S;P;·
e:A1⇒D
−→Cκ:A2

.ByPart

2ofthelemmaandfromtheassumptionS;P;·−→Ce1:A1itfollowsthat

S;P−→e1:A1.ByinductionhypothesisS;P
(λκ.e)e1:D
−→κ:A2.Thuswe

formtheinferenceS;P−→e1:A1S;P
(λκ.e)e1:D
−→κ:A2

S;P
λκ.e:A1⇒D
−→κ:A2

.

•LetthederivationbeS;P;·
e1:D[M/x]
−→Ce2e′

2:A2S;·`M:A1

S;P;·
κ1:∀x:A1.D
−→Ce2e′

2:A2

.Usingsub-

stitutivityoflogicalrelation(Lemma4.6)toobtaintheinductionhypothesis,

itfollowsthatS;P
e1:D[M/x]
−→e2e′

2:A2.Thusweformtherequiredinference
S;P

e1:D[M/x]
−→e2e′

2:A2S;·`M:A1

S;P
e1:∀x:A1.D
−→e2e′

2:A2

.

Finally,weestablishthattwomixedtermsarelogicallyrelatedifthereisa

derivationofsmall-stepoperationalsemanticsthattakesonemixedtermtothe

other.
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Chapter 4: Soundness

Proof. The proof of each part of the lemma proceeds by induction on the rewriting

context C. Base cases for C = • follow as the appropriate inference rules. Remaining

cases for C = ê ê′, C = 〈M, ê〉, and C = λκ.ê follow by the appropriate inference

rule and the induction assumption.

We prove lifting also for the judgement S;P ; Γ ê1:D−→C ê : ê′:

Lemma 4.8

Let S; Γ′ ` θ : Γ.

1. If S; Γ ` σA ≡ σA′ : o, and S;P ; Γ −→C ê′ : D′ then

S;P ; Γ ê′:A′
−→C C{ê′} : C{A}.

2. If S;P ; Γ −→C ê1 : A1 and S;P ; Γ ê ê1:D−→C ê : ê′ then S;P ; Γ ê:A1⇒D−→C ê : ê′.

3. If S;P ; Γ ê1:D[M/x]−→C ê : ê′ and S; Γ `M : A then S;P ; Γ ê1:∀x:A.D−→C ê : ê′.

4. If S;P ; Γ ê1:D[M/x]−→C ê : ê′, and S; Γ `M : A then

S;P ; Γ ê1:∀x:A.D−→C (θC){ê} : C{ê′}.

Proof. The proofs of parts 1. and 4. of the lemma proceed by induction on rewriting

context C. Base cases for C = • follow as the appropriate inference rules. Remaining

cases for C = ê ê′, C = 〈M, ê〉, and C = λκ.ê follow by the appropriate inference

rule and the induction assumption. Part 4. uses part 3. in the base case.

The proofs of parts 2. and 3. of the lemma proceed by induction on the mixed

term ê. Base cases for ê = G follow as the appropriate inference rules. Remaining

cases for C = ê ê′, C = 〈M, ê〉, and C = λκ.ê follow by the appropriate inference

rule and the induction assumption.

The proof of soundness depends on the fact that we can escape the logical relation

if it is established for a proper proof term (i.e. not a mixed term). Before showing

the appropriate lemma, we state an auxiliary property:

Proposition 4.9

Let e ∈ PT be a proof term. If S;P ; Γ ê1:D1−→C e : A then ê1 is a proof term, i.e.

ê1 ∈ PT.

Proof. By structural induction on derivation of the judgement.

• Let the case be S;P ; Γ e:A−→C e : A . Then e ∈ PT follows from assumptions.
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• Let the case be S;P ; Γ −→C ê1 : A1 S;P ; Γ ê ê1:D−→C e2 : A2

S;P ; Γ ê:A1⇒D−→C e2 : A2

. From the in-

duction hypothesis, ê ê1 ∈ PT. Hence ê ∈ PT.

• Let the case be S;P ; Γ ê:D[M/x]−→C e2 : A2 S;P `M : A1

S;P ; Γ ê:∀x:A1.D−→C e2 : A2

. Then ê ∈ PT

follows from the induction hypothesis.

Finally, we make use of the following lemma that allows us to lift an annotated

judgement of the logical relation to a judgement without annotation assuming that

the judgement is formed for a proper proof term, an atomic goal, and that the

annotating proof term and clause are well-formed.

Lemma 4.10

Let e ∈ PT be a proof term. If S;P ; Γ e1:D−→C e : A and S;P ; Γ −→C e1 : D then

S;P ; Γ −→C e : A.

Proof. By structural induction on the assumption using Proposition 4.9 and substi-

tutivity of the logical relation (Lemma 4.6).

4.2 Fundamental Escape

In this section, we state and prove two main properties that are necessary for estab-

lishing soundness of the small-step operational semantics. The escape lemma allows

us to escape from a judgement of logical relation for a proof term and a goal to a

judgement of the big-step operational semantics. The fundamental theorem allows

us to establish that two mixed terms are logically related if there is a derivation of

the small-step operational semantics for them.

We follow the order in which we introduced operational semantics and we state

the escape lemma first:

Lemma 4.11 (Escape)

Let e ∈ PT and e1 ∈ PT be proof terms.

1. If S;P ; · −→C e : G then S;P −→ e : G.

2. If S;P ; · e1:D1−→C e : G and S;P ; · −→C e1 : D1 then S;P e1:D1−→ e : G.
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